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HIGHER ORDER GENERALIZATION OF FUKAYA'S MORSE 
HOMOTOPY INVARIANT OF 3-MANIFOLDS I. INVARIANTS 
OF HOMOLOGY 3-SPHERES 

TADAYUKI WATANABE 

Abstract. We give a higher order generalization of Fukaya's Morse homotopy 
theoretic approach to 2-Ioop Chern-Simons perturbation theory. In this paper, 
we construct a sequence of invariants of homology 3-spheres with values in a 
space of trivalent graphs (Jacobi diagrams) by using Morse homotopy theory. 



1. Introduction 

K. Fukaya constructed in [Fuk96| a 3- manifold invariant by using his Morse 
homotopy theory, which is defined by considering several Morse functions simul- 
taneously. Fukaya's invariant is conjectured to coincide with the 2-loop part of 
Chern-Simons perturbation theory of Axelrod-Singer and Kontsevich ( |AS[ IKo) ) . 
The universal form of the 3-manifold invariant of Chern-Simons perturbation the- 
ory has values in a space of graphs and is known to be universal among Ohtsuki's 
finite type invariants if restricted to homology spheres ( |Oh961 fKTl ILes| ) . Fukaya's 
invariant is defined by counting graphs in a manifold whereas Chern-Simons per- 
turbation theory invariant is defined by an integration over the configuration space 
of a 3-manifold. 

Behind the work of |Fuk96) , there is a work of physics due to Witten that the 
open string theory on the cotangent bundle of a 3-manifold is equivalent to the 
Chern-Simons perturbation theory ( |Wi| ) . Indeed, in (FQj . it has been proved 
mathematically that the 0-loop open string theory on the cotangent bundle of a 
manifold is equivalent to the Morse homotopy theory, which had been independently 
developed by Betz-Cohen ( jBC) ) and by Fukaya ( |Fuk93] ) . There is also a discussion 
in |Fuk931 IFuk96| about a relationship between the higher genus open string theory 
and Chern-Simons perturbation theory. 

In |Fuk96j . Fukaya considered triads of Morse functions (/i,/2,/3) on M and 
for pairs (M, Q), i = 1, 2, of a closed 3-manifold M and acyclic flat S'C/(2)-bundles 
(i, he defined some number Z2(M, /i, /2, /s; Ci)- He showed that the difference 
Z2{M, /i, /2, /a; Ci) - Z2{M, /i, /2, /a; C2) depends only on the equivalence class of 
(M, Ci, C2). The essential points in his construction may be the following. 
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(1) Several Morse functions are considered at once and graph-shaped flows 
along the gradients are counted. The moduli spaces of the flows form 
compact 0-dimensional manifolds for a generic triad of Morse functions. 

(2) Graphs with an edge separated in the middle by critical points (as in Fig- 
ure [T]) are considered and a linear combination of the numbers of (possibly 
separated) graph-flows is considered. Here the coefficients are endomor- 
phisms between tensor products of the Morse complexes (with twisted co- 
efficients) . 

(3) For each coefficient in the linear combination, combinatorial propagators 
(or chain contractions) of Morse complexes are composed and then the trace 
is taken to obtain a number. 



The aim of this paper is to construct graph-valued invariants of homology 3- 
spheres, i.e., closed 3-manifolds M with H^,{M) = H^,{S^), by using Morse homo- 
topy theory, as a higher order generalization of [Fuk96j . In this paper, we generalize 
the idea of Fukaya to graphs with loop numbers (the first Betti numbers) > 2 for 
homology 3-sphere M with the trivial connection. To give an explicit formula for 
our invariant for all orders, we introduce an appropriate graph complex for Morse 
homotopy theory being based on Kontsevich's graph complex in |Ko| and formulate 
the formal cancellation mechanism among different graphs, that will be necessary 
in the proof of invariance of our invariant, in the graph complex. The principal 
term Z2k,3k of our invariant is defined by substituting the numbers of graph-flows 
into cycles in our graph complex. 

The proof that our invariant is well-defined is done by a cobordism argument for 
a 1-parameter family of smooth functions on M without higher singularities. The 
main point in the cobordism argument is that the relations among the numbers of 
moduli spaces of graph-flows in 1-parameter family are similar to the relations in 
the graph complex. In this paper, we consider graphs for all orders, so we attempt 
to give full details of the structure of a manifold with corners of a moduli space and 
of arguments of orientations etc. 

The moduli space of graph-flows will be described as the transversal intersections 
of several submanifolds of the configuration space of M or the direct product of 
the configuration space of M with [0, 1]. To make such definition easier, we will 
not use, in the cobordism argument, the argument of time dependent trajectories 
of |Fuk96j . Instead, we confirm the invariance one at a time by using a similar 
bifurcation analysis as in |Cej . 

Also, in this paper, we consider only the trivial connection contribution and 
define an invariant not by taking the difference as in |Fuk96) . To obtain an invariant 
not by taking the difference, we need to introduce an anomaly correction term 
appropriately. In |Fuk96| . the existence of such a correction term in the 2-loop 
case was a conjecture. In this paper, we introduce an anomaly term Z^]!"^'^^^ by 
taking some linear combination of the numbers of infinitesimal graph-flows in a 
conflguration space bundle over a compact 4-manifold having M as a boundary. 
The key point for the correction term to work well is the spin cobordism invariance 
of the anomaly term -2^2^ 3™'*''*'- Namely, the spin cobordism invariance allows us to 
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define an analogue of tlie signature defect, which includes Z^^"^^^ instead of the 
relative L-class in the sigunature defect, and it gives the desired correction term. 

There are analogues of our graph complex and the moduli spaces of graph-flows 
for circle-valued Morse theory. The generalization to circle- valued Morse function 
would give an invariant of 3- manifolds with the first Betti number 1. We plan to 
discuss this in |Wa2] . 

Finally, we mention M. Futaki's work |Fut j . Futaki discovered in |Fut| some sin- 
gular phenomena that are missed in |Fuk96| . In |Fuk96| , the coefficients in the linear 
combination of graphs are defined by contracting holonomies along graph-flows by 
su(2)-invariant tensors. However, Futaki observed with a concrete calculation that 
when the dumbbell graph contribution is nontrivial (homology 3-sphere with the 
trivial connection is not the case), the holonomy matrix will suddenly jump at the 
point on which a trivalent vertex passes through a critical point and thus the invari- 
ance fails. Since we construct an invariant via an intersection theory considering 
only the trivial connection contribution, the coefficients in the linear combination 
in our definition can be given without using holonomy matrix, so the same problem 
do not occur. (See also Remark [3TTJ) 

Organization. The organization of the present paper is as follows. In chapter 2 
we introduce our graph complex and construct a cycle in it. The cycle condition in 
the graph complex is a formal description of the cancellation of singular flows that 
appear in the proof of invariance of our invariant. In chapter 3, we give deflnitions 
of Fukaya's moduli spaces of graph-flows and the moduli space of inflnitesimal 
graph-flows, and then consider their conipactifications and orientations. Also, the 
definition of our invariant will be given and the main theorem, which says that 
our invariant is actually an invariant, is stated (Theorem I3.32p . In chapter 4, 
we consider the compactification and orientation for the moduli space of graph- 
flows in 1-parameter family of smooth functions. In chapter 5, in accordance with 
the contents in previous chapters, we prove the invariance of our invariant by a 
cobordism argument. For each of the four types of bifurcations that may occur 
generically, we confirm the invariance one at a time. 

Convention. We denote by C"'(M) the space of C" functions / : i\f — > M on a 
compact manifold M for sufficiently large r and we equip C^{M) the C-topology. 
For a function / on a manifold M, we denote by S(/) the subset of M of critical 
points of /. Let S^(/) (resp. S^(/)) denote the subset of S(/) consisting of Morse 
singularities (resp. birth/death points, or y42-singularities). For a Morse function /, 
a critical point p of / and a metric on a manifold, we denote by i^p(/) = ^pif', m) 
(resp. £/p{f) — £/p{f]fi)) the descending manifold (resp. ascending manifold) of 
(/, fi) at p. We denote by r{E) the space of sections of a fiber bundle E ^ B. For 
a sequence of submanifolds Ai , , . . . , C of a smooth Riemannian manifold 
W , we say that the intersection Ai H H • • • flAr is transversal if for each point x in 
the intersection, the subspace N^Ai + NxA2 + • • • + N^A^ C T^W spans the direct 
sum NxAi ® NxA2 © • • • ® N^Ar- The convention for orientations of manifolds is 
given in Appendix 1X1 
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Figure 1. 



2. Graph complex 

2.1. Graphs. By a graphs we mean a finite graph with each edge oriented, i.e., an 
ordering of the boundary vertices of an edge is fixed, and without self-loop. For 
a graph F, let In(F) (resp. Out(F)) be the set of univalent vertices of F that are 
inputs (resp. outputs). Let VF(F) be the set of vertices of valence < 2 ("white 
vertex"). Let B{T) be the set of vertices of valence > 3 ("black vertex"). An 
admissible graph is a graph such that 

(1) |In(F)| = |Out(F)|, 

(2) a bijection p : In(F) — > Out(F) is fixed, and 

(3) each bivalent vertex has one incoming and one outgoing edges. 

A compact edge of F is an edge connecting two black vertices. A separated edge 
of F is a pair of edges {(a,a;), {y,h)} with x,y € B{T), a G In(F), b € Out(F) such 
that b ~ /o(a). A broken edge of F is a pair of edges {(x, a), (a, y)} with x,y G B(r), 
a £ W(T). A broken separated edge of F is either a triple {(a, 6), (6, x), (y, c)} or a 
triple {(a, x), (y, b), (6, c)}, with x,y £ B{T), a,b,c& VF(F) such that c = p{a). Let 
Comp(F), Se(F), Br(F), Se'(F) be the set of compact, separated, broken, broken 
separated edges respectively. A regular edge of F is either a compact edge or a 
separated edge of F. Let Reg(F) be the set of regular edges of F. Let E{T) = 
Comp(F) U Se(F) U Br(F) U Se'(F). See Figure [T] 

A labeled graph is an admissible graph F equipped with bijections a : {1,2,. ..,n} - 
B(F) and /3 : {1, 2, . . . , ^} ^ E{T). Let ci'^ = (d'\5W), d'^ = « = 

1,2,...,^', be a sequence of finitely based acyclic chain complexes over Z. For 
, we define a C -colored graph as a labeled graph F — (F, a, /3) 
such that on each white vertex of /3(i) a basis vector p £ ci^^ is attached for each i. 

For each edge e — /3{i) in a C-colored graph, we define its degree by 

1 if e e Comp(F) 

d{p)-d{q) ifeeSc(F), 



deg(e) = < 



p £ Ci on input, q E Cy on output 



if e e Br(F) 

dip) - d{q) - 1 if e e Se'(F), 



p ^ Cy on input, q ^ Cy on output 
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where d(x) denotes the degree of x. We define the degree of a C-colored graph by 

deg(r) = (deg(/3(l)),...,deg(/3(£))). 

We will call a C-colored graph with degree rf — (rji, . . . , 77^), with n vertices and 
with |Reg(r)| = m a C-colored graph of type (n, m, fj). We define the closure F of F 
as the graph obtained from F by identifying white vertices of each pair (a, p{a)). An 
example of a C-colored graph of type (4, 6, (1, 1, 1, 1, 1, 1)) is given in Example 13.21 

2.2. Graph complex. Let „j ff{C) be the set of pairs (F,or), where 

(1) F is a C-colored graph of type {n,m,ff) with connected closure F, 

(2) or is an orientation of the real vector space 

eeComp(r) 

where H{e) — {e+,e_} is the set of "half-edges", 

Let "^n^m^ffiC) be the vector space over Q spanned by m ^(^)' quotiented by the 
relation 

(F,-or) =-(F,or). 

The bijection a and the edge orientation of a graph F defines a canonical graph 
orientation oir- In the following, we assume that all graphs are oriented by canon- 
ical orientation, namely, if a graph is oriented by the opposite orientation to the 
canonical one, then we represent the oriented graph by minus of the canonically 
oriented one. 

Let ^^"^ subspace of ^n,m,{i,...,i){C) spanned by graphs with 

only compact edges. The sequence of complexes C is unnecessary to represent a 
graph in ^^^^^^ 1) (^)' ^'^ there are canonical isomorphisms between ^^™™^]^ (C) 
for different sequences C. Identifying ?^™^^^]^ i)(^) simply write 

'^n,m = ^„,m,^l,...,l)(^)- 

We define a linear map 

d '■ '^n,m,fi{C) ^ ^^'^n-l,m-l,(rii,...,'!fj,...,rii){C* , . . . , C*"* , . . . , C* ) 

by 

d(F,or) = ^ (F/e, induced ori), 

eeComp(r) 

where for Cj = (u,v) {u,v are vertices) the induced orientation of F/ej is formally 

given by (^^^i A • • • A dw„) A (de^ A de^)A • • • A((ie+ A de~ ). It follows from 

the identity i{X)i{Y) + i{Y)i{X) = that dod = Q. Also, we define another linear 
map 

I 

d ■ '^n,m,rf{C) ^ ^n,7n—l,{r]i,...,r]j—l,...,r]i) {^) 

3 = 1 
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by EeeRcg(r) d'e. where 




E 



d{ri) = d{pi)-l 



(si) = <i(gi) + l 




where or{d'^V) is the naturally induced one. (Note that d! o d! ^ 0.) The reason for 
the signs in the formula will be explained in 



2.3. The space ,^n- We shall introduce some relations in the space of graphs to 
bring them closer to the moduli space of graph flows. Let d^'^\x,y), x,y £ ci^\ 
denote the graph j . Let F be a C-labeled graph with j3{i) € Se(r) and with basis 

vectors x and y G Cy attached on the input and output white vertex respectively. 
To specify that F has such an edge, we will write F = T{x,y)i. This notation 
enables us to express the graph obtained from F by replacing x and y with x' and 
y' respectively, as r{x',y')i. We will write F(0,0)i the graph obtained from F by 
replacing the separated edge /3(i) with a compact edge. 
Let 

e 



?n— 



®?)<(2,....2) '^n,*,rj{C) ® "^n-l,* ,rj{C) 

{d + d')$^„,*,E(i,...,i)((5), 9-relation, C-relation' 



where 



(1) E(l, 1, . . . , 1) = (2, 1, . . . , 1) + (1, 2, . . . , 1)+. • .+(1, 1, . . . , 2), i.e., ^„.*,E(i,...,i) 

^n,*, (2,1, ■■■,!) ffi • • • ffi ^n,*,(l,l,...,2), 

(2) 9-relation is given by 

5«(K,r,) * T{n,q,), = • F(r„<7,). 

{d^^^ {pi,ri) *T{ri,qi)i etc. is a composition of two graphs at the univalent 
vertices, on which r.i is attached. dp}r- etc. is the incidence coefficient of 
in 

(3) C-relation is given by 

We denote by (F) the equivalence class in J^n{C) represented by F. The relation (d-l- 
f^')^Ti,*,E(i,...,i) will correspond to the fact that the signed number of boundaries 
of a moduli space that is an oriented 1-manifold is 0. 
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2.4. Cycles in '^n,m- In the following, we assume that £ — m, i.e., C — {Ci^\ . . . , C*™''). 
In such a case, we write %i.m{C) the subspace of^n,m,(i,---,i}(^) spanned by graphs 
with no bivalent vertices. 

We consider a linear combination 

7= J2 a(r)r e ^„,™(C), a(r) e q, 

where the sum is taken over all C-colored graphs in m(C) of type (n, to, (1, ... , 1)), 
each equipped with canonical orientation. So we consider all possible labellings and 
edge orientations. The c?-cycle condition 

d-y^O-^ J2 a(T)dr = 

is equivalent to a system of linear equations among coefficients a(r). We call the 
linear system the (^)-relation. By considering a{T) as formal variables, we get a 
universal cycle. Namely, we define the space £^n,m{C) to be the quotient space 
of ^n,m(C') by the (*)-relation and the label change relation, which identifies two 
labeled oriented graphs with isomorphic underlying graph when one is obtained 
from another by even swappings of labels or of edge orientations. We denote by [T] 
the equivalence class in £/n,miC) represented by T. Then we put 

[r] ® r e ® ^„,™(C). 

re5?„.„(c) 

Clearly, ^n,m is a (1 €5 d)-cycle. 

We will need a {d + d')-cyc\e lateiQ. To make 7„.m a {d + d')-cyc\e, we define the 
(,-relation in £/n,m{C) by 

d(xi) = d(gi) + l d(yi) = d(pi)-l 

for each r(p,,q,), G ^„,m,(';i,---:')™)(^)' '^J = 1 (i 7^ ^7* = 0- 

Lemma 2.1. ((1 «) (d + d'))7n,m) =0 in £/ri,ni{C) / {£,-relation) ® .^n{C). 

Proof. We have seen that {\®dy)n,m — 0. So it suffices to show that {{l®d')^n,m) = 
0. We show that (1 ® d')jn,m vanishes in £4,,m(C)/ (^-relation) ^„(C), where 

^niC) — ^ ^^„_*_^((7) / 9-relation, C-relation. 

jf<(2,...,2) 

We denote by (r)i the equivalence class of F in ^„(C). Since the left hand side of 
the identity of Lemma [2.11 lies in the image from ja4.m((?)/(C" relation) (g) o^„((7). 



*Since d' does not satisfy d! o d' = 0, the word "d'-cycle" does not in fact make sense. But we 
merely say that an element of '^n,m{C) is a d'-cycle if it lies in the kernel of d' . 
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it suffices to cfieck the assertion in the space ^,m(C)/(^-relation) (g) J^„(C). In 
•f24,m(C)/ (^-relation) ® ^„((7), we have 

((l®d')7n,m)l = [r]<»TOl 

rea'„.™(c) 

m 

j=l r'(pi,9i)j 

£i(pi) = £i(gi) 

where the second sum of the second hne is taken over graphs of degree (rji, . . . , 77m), 
Vj = 1 (j 7^ '7j = such that ^(i) G Se(r) and where d'* : ^n,m-i,fi{C) -)• 
'S^n,m{C) is the linear map defined by 

d'*r' = (coefficient of 1 (g) (r')i in ^ [F] (g) (d'r)i). 

This is well-defined since there is a canonical reduced presentation in J^„(C). But 
d'*r' {pi, qi)i, d{pi) — d{qi), is precisely the left hand side of the definition of the 
^-relation. □ 

2.5. The chain complex of endomorphisms of an acyclic chain complex. 

For a finitely generated, based free acyclic chain complex (C*,9), Ci = lF\ we 
consider the Z-module Endfc(C*) of endomorphisms C* — >■ C*+fc of homogeneous 
degree k. The boundary operator & : EndA;(C*) — )■ Endfc_i(C*) is defined by 

97 = 5o/ + (-1)^+1/0 a 

Then the pair (End* (C*), &) forms a chain complex. By the canonical isomorphism 
Endfc(a) ^ a+fc ® Hom(C„ Z) 

and the Kiinneth theorem, one can show that the complex (End*(C*), 9') is acyclic. 

For example, / € Endo(C*) is a cycle iff & j = df — fd = 0. In particular, 
id e Endo(C*) is a cycle and hence is a boundary. So there exists 5 e Endi(C*) 
such that 

d'g = dg + gd = id. 

We will call such an endomorphism g a combinatorial propagator for (C* , 9) . If two 
such endomorphisms g,g' are given, then the difference 17 — t;' is a 9'-cycle, since 
d'{g — g') = id — id = 0. So there exists h G End2(C*) such that 

d'h = dh~hd^g~ g'. 

2.6. Combinatorial propagator and trace. We will construct a (d + (i')-cycle 
in i^niC) by using combinatorial propagators and the trace in |Fuk96| . Let F be 
a C-labeled graph F with S C* on the input and gi G C* on the output. 
We put ki ~ d{pi) — d{qi). For a sequence h — {h^'^\ . . . , ft,'™^) of endomorphisms 
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/i« e Endfc.(d''), z = 1,2,... , m, we define the trace of F by 
/ Pi Pi Pa\ ^ 



= Y[ hf^p, X Smooth 



\1i 92 9,/ 







r 











where Smooth is the smoothing operator: 



Smooth 



In particular, since each (cl*', 9^*^) is acyclic, there exists a combinatorial prop- 
agator, i.e., an endomorphism g^'^ : ci'^ — >■ C^!^^ homogeneous degree 1 such 
that + = id. As a special case of the above definition, the trace by 

combinatorial propagators g — {g^^\ ■ ■ ■ , g*-™'') defines a linear map 

Tr^ ; ^n,m(C*) ^ ^71,171- 

Let £/n.m = %,,m/(*)-i'elation, label change relation. Since Trg'((*)-relation) C 
(*)-relation, the map Tr^^ descends to a well-defined map 

Tr^ : £/n^rn{C) £^n,m- 

Lemma 2.2. TT(^(^-relation) = 0. Hence Tr^ induces a well-defined map 
Proof. For pi^Qi G Pi^"* with d{pi) — d{qi)^ we have 

J2 E C-[r(K,y.)d-'5p.,, .[r(0,0),] 



lie Pi ' 

d(xi) = £i(9i) + l 



d(yi)=d{pi)-l 



=Tr 



=Tr 



— Tr- 



,id,... 



=<5p,9,Tr...,id,... [r(p„(j,)»] - [r(0,0). 



= 0. 



□ 



Lemma 2.3. The following assertions hold. (T^r — Tr <Si I) 

(1) ((l(^(d + d'))T>3~(7n,r„)) =0. 

(2) (Tr-(7„^m)) € 'S/n,m'<^'^n{C) docs not depend on the choice of combinatorial 
propagators g. 

Proof. The assertion (1) is immediate from Lemmas 12.11 and 12.21 and from the fact 
that Trg' commutes with d and d' . Now we shall prove (2). We prove the assertion 
for g ~ (g, . . . , g*^™') and g' — {g' , g^'^\ . . . , g'^"^^) , where g and g' are two 
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combinatorial propagators for (ci^-*, S*-^-*). As mentioned in W2M there exists an 
endomorphism h e End2(ci^'') such that d^^^'h — hd^^^ = 9 ~ g' ■ Then we have 



(Trg,...(7n,m)) - (Trg,^...(7„,™)) 

[r(pi,gi)i]® (r(pi,gi)i) 



9, 



r(Pi,gi)i 

£i(pi) = d(5i) + l 



= Tr 



Tr, 



(2.1) 



[ [r(pi,gi)i]® (r(pi,(7i)i 

r(j)i,gi)i 

[ E E Ck-[r(2;i'9i)i]®(r(pi>9i)i 



£i(xi) = d(pi) + l 



- E E 4i-[rbi,2/i)i]®(rbi,gi)i 

r(pi,9i)i „iepii> 

ti(Bl) = ti(<!l)-l 

T^L..[ E E[r(a^i:9i)i]® (5^'n3^i,Pi)*r(pi,gi)i) 
r(!3i,9i)i ^1 

- E EP(pi.yi)i]®(r(pi,gi)i*5(i)(qi,yi)) 

r(pi,gi)i ai 

E E [r(p'i,g;)i]®((a«*r-r*a«)K,gi)i) 

d(p'j) = ti(<j^) + 2 



We show that this vanishes. We write C[j] — (ci"^\ . . . , ci^\ . . . , ci"^) and f^[j] = 
,rij, . . . ,rim) for simphcity. If we define d* : ^j—i'^n—i,m—i,-ff[j]{^[j]) ~^ 

^ri,m,^(C) by 



d*r = ^coefficient of 1 (8) F in 

r'e»„,™.,7(c) 



r' (g) dr' 



then Imd* — (*)-relation. By the relation {d + <i')^n,*,s(i....,i)(^) of -^(C*), the 
following identities hold in £/n,m ^ 
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= Tr;,., 



J2 E [r{p[,q[)i]®{{d + d')r{p[,q'M 



d(p[) = d(q[) + 2 '*7i,m,(2,l,...,l)(<?' 



E 



E 



Kr'K,qi)i]®(r'K,q'i)i) 



r'(pi,gi)ie 



<J(pi) = d(<!i) + 2 ®j *n-l,m-l,(2,l,...,l)[j](C[3l) 

E E [r(p'i,g;)i]®(d'r(p;,<z;)i) 

d(p'l)=d(g;) + 2 ^*,i.m,(2,l,...,l)«?) 



Tr. 



E E [r(K,gi)i]®((aW*r-r*aW)K,9l)i) 

p'l.^'ie-pi^' r(pi,g;)i 

d(p[-) = d(q[) + 2 

+ E E E E [r(p;,gi)i(p„Q,).] 

p'l.^'iEPi^' Pi,9ie-pi'' r(pi,?;)i(p,,g,)i 

<i(p'j) = d(g^) + 2 <i(pj) = £i(q;) + l 

® * r + r * g,)^> 
+ E E E [r(p'i,<z'i)i]®(rf™,gi)i)". 

p'l.^iepi'' r(pi,gi)i eeComp(r(p;.,;)i) 

Here the fourth row agrees with (|2.ip and the vanishing of the last three rows can 
be shown as fohows: for each p[, q[ G Pi^"* with d{p'i) = d{q'i) + 2, we have 



Tr 



h,...,g(^),... 



E E [r(pi,gi)i(p»,<7j)» 



d(pi) = d(5i) + l 



Tr 



®((a«*r + r*a«)K,<z;)i(K,g,),)' 

ft,...,a(')sw+s(')a('),...[ E E [rbi,'7i)i(p,,Q'0i] 

p^^e-pi'' r(p'j,g;)i(p;,(;^)i 

^{T{p[,q[)M,Q'^^) 

= t^'h,...m,...[ E E [r(p'i,g'i)i(p:,p^).]®(rK,q;)i(p^,p;;),) 

p'.ep^ T^{p'i,q'i)i{p'i:Pi)i 
This cancels with the corresponding term in 

Trl....[ E E [rb'i,<z;)i]$5«r(p;,g;)i) 

r(p'i,gl)l eeComp(r(p'^.9'j)i) 



□ 
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3. Fukaya's moduli space of gradient flow graphs in a manifold and its 

compact iflcation 

3.1. Fukaya's moduli space Suppose given a sequence / = (/i, /2, . . . , fm) 
of C" Morse functions on a d-dimensional smooth homology sphere M for r and 
a Riemannian metric jj, on M. Throughout this section we assume that d is odd. 
Suppose that {fi,n) is Morse-Smale for each i. Recall that a pair of Morse function 
and a metric is Morse-Smalc if all the intersections of the descending manifolds 
and the ascending manifolds arc transversal. Let C^*) = (C^*' Z-P''',a(*)) be the 
Morse complex associated to namely, C'*' is the free Z- module generated 

by the (finite) set Pi'^ of critical points of fi and 9^*^ : Cj^li Cj^^ is defined by 

■^{fi;p,q) = ^{.fi-p,q) rti Lp, 

^(/,;p,g) = f^p(/,)rti 

where Lp is a level surface that lies just below the level of p and ^{fi;p,q) is 
an oriented 0-dimensional manifold. Take a pair of critical points aj € P^^^ and 
h € Pq^ arbitrarily, and consider the quotient 

C« =C«/(a„&,). 

Then C^^^ together with the induced boundary S*^*-* forms an acyclic chain complex. 
We put 

For a (7-colored graph F = (F, a, /3) of type (n, m, (1, . . . , 1)) with £ = m, we 
define the source and the target maps 

Source : {1, 2, . . . ,m} {1,2, ...,n}. Target : {1, 2, . . . , m} ^ {1, 2, . . . , n} 

as Source(fc) = Q:~^(source of Target(fc) = a~^(target of P{k)). We define 

the subsets 

ini(r) = {k\,kl . . . , inr(r) = {km, . . . , Uj, 
Out,(r) = {4,4, . . . ,41, Outr(r) = {4,4, • • • ,4J 

of the set of labels {1,2,..., m} of edges as the subsets consisting of labels of edges 
with 

k] e In,(r) ^ Target(fci) = i and /3(fc]) G Comp(r), 
k} G In°°(r) ^ Target(fc;.) = i and G Se(r), 

4 G Out,(r) ^ Source(£}) = i and f3{^) G Comp(r), 
4 G Outr(r) ^ Sourcc(4) i and P{k]) G Se(r). 

For example, Inj(r) is the subset of labels of incoming compact edges at the i-th 
vertex and In^(r) is the subset of labels of incoming separated edges at the i-th 
vertex. 
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Let <i>jr : Af — M be the 1-parameter group of difFeomorphisms associated to 
— grad/ considered with respect to a nietric fx. For / = (/i, . . . , let ^r(/) = 
^r(/; 1^) be the space of points 

(xi, . . . ,a;„) e Conf„(Af) 

such that 

(1) for all 1 < i < ri, 1 < j < r^, there exists € (0,oo) such that 

j 

(2) limf^_oo - = K-. for 1 < i < n, 1 < j < r^, 

(3) hnif^+oo '^y. {xi) = qii, for 1 < j < n, 1 < j < s^. 

3 

Remark 3.1. Since ^^(p) — ^^f{p) = p for a critical point p of /, we allow for a 
point (xi, . . . ,a;„) of ^r(/) that x.^ coincides with a critical point of We will 
see below that such a point is not a singular point of ^r(/)- 

3.2. Transversality. Let F e '^n,m,ff{C) be a C-colored graph with a inputs (and 
a outputs) and with only regular edges. For simplicity, we assume that the non- 
compact edges in Se(F) are labeled (via f3) by {1,2,..., a}. Let {pi, qi) be the pair 
of basis vectors attached on the edge labeled i. We define a smooth map 

a 

^f- X{{%Afi) X X Conf„(M) X M™-" ^ A/«+™+a 

by 

$y(Ml, Wl, . . . ,Mq, Va] Xi, . . . , X„;ta+1, • ■ ■ ,tm) 
n 

1=1 

where = (xcr(fe) ) and M+ = [0, oo). Let A C be the subset consisting 

of all the points of the form 

J_ J_ (.Xi J . . . ^ Xi) 
i=l 

for (xi,...,x„) G Conf„(M). Then ^r{f) is the image of $^^(A) under the 
projection onto Conf„(A/) and the projection induces an embedding. 

Example 3.2. We consider the following graph, for example. 




The map $y : {%{h) x ^^(/i)) x Conf4(A./) x A/" is defined by 

$y(-u, w; xi, X2, X3, X4; t2,h, ti, 

= {XUV) X (X2,$|(xi)) X (X3,$^^(X1),$*^^(X2)) X (x4 , (X2 ) , (xg ) , . 
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Then ./#r(/) is the image of $^^(A) under the projection onto Conf4(Af), where 
A = {(xi,a;i)x(a;2,a;2)x(a;3,a;3,X3)x(x4,a;4,a;4,X4) ; {xi,X2,X3,X4) E Conf4(A/)}. 

□ 

Let be a small neighborhood of a Morse function in C"'(Af), so that the set 
of critical points does not change on '^j. By considering $^ for all / G Hjli '^j 
for a fixed Riemannian metric fi on M , we get a smooth map 

a rn 

^•11 U (^P,(/.)x <(/,)) xConf„(Af)xK™-'^x J] ^ A^"+"+^ 

3 = ifje% j=a+l 

where we consider U/jS^j (^Pj (/j) ^ -^qAfj)) ^ subspace of x Af^. 
Lemma 3.3. The smooth map $ is transversal to A. 

Proof. We show that every normal vector V G TajAf lies in the image of the 
differential D$ : rDomain($) x]\^m+n+a points of A. Now suppose that a 
point X = n"=i(^ii ■ • ■ J ^0 G ^ li^^ in- the image of $. We first prove the claim in 
the case where each xi does not belong to S](/i) U • • • U Yj{fm). Suppose that there 
exist X e M and tg e (0, oo) such that 

^l{x)=x, 

for some Then there exists a local coordinate V';/ : K"^ ^ L/ of a neighborhood U 
olxi in A4^ such that -grad^j^(g) /f = Dipuiviiq), . . .,Vd{q)), q G M'', = Uj(0) 

(image of a constant field). Here, we may assume without loss of generality that 
{DiIjij)~^{V) agrees with (0, . . . , 0, b) for some 6 < 0. 

Now for small constants £ > 0, k > and /3 > 0, we define a C°°-function 
: K ^ M by 



~Ke -<:'•' ~e <t<e 
otherwise 



We define a C°°-function /i£ : M'' ^ K by 

heih, ...,td)^feo ipuih, ■ ■ ■ ,td) + sg^.^td). 

for a constant s > 0. By this deformation, the negative gradient, after passing 
through the part —e<td< e, shifts by a multiple of (0, ... ,0, 1). Therefore, for 
some e, k and Ao G K, we have 



"■^fe+sge., 



ds 



= V. 

s=0 



This shows that the differential of $ is surjective at any point of $^^(a;), x E A. 

If Xi agrees with G for some £ and if the £-th. edge of F is one of the 

following forms: 




Pt 

then by a suitable deformation of on a small neighborhood of pi the position oipi 
shifts in an arbitrary direction. This shows the transversality for Xi — p£ case. □ 
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Proposition 3.4 (Fukaya). Suppose that T G '^n.m.rjiC) has no bivalent vertex, 
i.e., E{T) = Reg(r). For a generic choice of f, the space ^r{f) is an oriented 
smooth manifold of dimension 

m 

dini^r(/) — d{n — m) + 

i=l 

Moreover, f can he chosen so that this property is satisfied simultaneously for all 
graphs T in ^n,m,ffiC) for a fixed triple m, n, ff. 

Proof. It follows from Lemma 13.31 that $~^(A) is a (infinite dimensional) smooth 
submanifold of codimension {n+m+a—n)d = {m+a)d. Let tt : <I?~^(A) TVjLi '^j 
be the restriction of the projection. Since the projection 

a mm 

n U (i^p,(/,)x<(/,))xConf„(Af)xRV"-«x J] 

3 = 1 fje'i/j J=a+1 j=l 

is a Fredholm map of index X]j=i('^(-Pj) + [d — d{qj))) +nd + {m — a) = nd + ad + 
m — a + X]?=i Vji the projection tt is Fredholm of index 



nd + ad + m — a + rjj — {m + a)d — d{n — m) + rjj . 

Hence for a regular value / € Ojli fiber is a smooth manifold of 

dimension d{n — m) + J^JLiVj- By the Sard-Smale theorem, the set of regular 
values of tt is dense. The second statement follows from the fact that there are only 
finitely many graphs in 'S^m,n,rf{C) for a fixed ni, n, ff and that finite intersection of 
dense subsets is dense too. □ 

3.3. Compactification of the moduli space of gradient trajectories be- 
tween two non-singular points. For a Morse function / and a metric /i on M, 
we define 

^2(/) - ^2(/; = {{x, y) e {M ~ nf)?\V = */(^) ^o^ie t e [0, oo)}. 
We shall construct a natural compactification of ^2(/)- 

3.3.1. The idea for the compactification. To explain the idea for the compactifica- 
tion of ^2{f)i we introduce the notion of a (gradient) trajectory with nodes as a 
sequence of points Xf),xi, . . . ,Xr S M such that there is a sequence io, ii , . . . , tr^i £ 
[0, cxd) with Xi+i = $j {xi) for each i. Then it is obvious that Xr = $j ^ (^xq), 
or [xq, Xr) G ^2{f)- So, to describe a nonsingular trajectory connecting xq and Xr, 
the intermediate nodes xi, . . . , Xr-i are unnecessary. However, to describe a broken 
trajectory as a limit of non-singular trajectories, they are necessary. For example, 
suppose a 1-parameter family 7^ of nonsingular trajectories between two nodes, say 
xo(s) and X2(s), converges to a twice broken trajectory ^, broken at two critical 
points p and g, as s — >■ 00. See Figure[21 The positions of a;o(oo) and X2{oo) are not 
enough to determine ^ uniquely, since there may be not only one possibility for the 
trajectory connecting p and q. If we consider intermediate point, say xi{s), on 7^, 
that converges to a point a;i(oo) with /(g) < /(xi(oo)) < /(p), then the position 
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Xo{s) 




Xi{s) 



Figure 2. Convergence to a broken trajectory 



of a;i(oo) determines the trajectory between p and q uniquely, and thus the Umit 
^ is determined uniquely as well. If the limit is fc-times broken trajectory, then it 
suffices to consider appropriate family of nodes xi{s), . . . , Xk-i{s) to describe the 
limiting behavior. 

This observation suggests that the moduli space should be defined as the space of 
"equivalence classes" of trajectories with nodes, where we say that two trajectories 
with nodes (xq, xi, . . . , Xr) and (yo: Vi, ■ ■ ■ , Vr') respectively are equivalent if xq = j/o 
and Xr = Vr' ■ Then it will turn out that the limiting behavior of the moduli space 
near the end is nonsingular, in the sense that the moduli space can be considered 
as the interior of a smooth manifold with corners. See Proposition 13 . 101 for precise 
statement. 

3.3.2. Moduli space of short trajectories. From now on we shall construct a com- 
pactification of ^2{f)- One can easily check the following lemma. 

Lemma 3.5. For any Morse Junction / ; Af — >■ R, there is an arbitrarily - 
small deformation of f in C (M) such that all the critical values of the resulting 
Morse function are distinct. 

So, in the following, we assume that / is chosen as in Lemma 13.51 Since a smooth 
function on M that is sufficiently close in C^i^M) to a Morse function is again a 
Morse function, we may assume that / is Morse. Suppose that the singular set 
E(/) = {pi,p2, • ■ • jPn} is ordered so that f{pk) < f{pk+i) for each fc < iV — 1. We 
put Ck = f{Pk)- For a small number e > 0, let = f~^{ck — e), L'f. — f^^{ck + s) 
and Wk — f~^[ck — £, Cfc+i). Note that Wk contains exactly one critical point of /. 
(See Figure 131) For a pair of subsets A, B of M , we write 



We choose a small open cover = {U\\ of Wk- For each A, we shall describe 
-^2{f\ U\,Lk) and its compactification. There are three cases for A: 



^2{f;A,B)^.^2{f)n{Ax B). 



(1) [/;,n^p,(/) = 0, 

(2) Ux n {pk} ^ (and thus Ux n (/) ^ 0), 

(3) Ux n {pk} = and Ux n ^p,(/) ^ 0. 
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Pk + 1 

- -O 

Wk 

Pk 



^k + 1 
Ck+S 

Ck-£ 



Figure 3. 



Case (1): In this case, the negative gradient trajectory starting from any point 
X of U\ intersects ij.. We denote the intersection point on ij. by Then the 

mapping a; i-> (a;, defines a smooth embedding p. : Ux ^ U\ x Lk and we have 

^2{f'i U\,Lk) = Im/I. One can see that there are no ends of Im/i in the image 
of the interior of C/a, so it is not necessary to compactiiy the moduh space here, 
namely, we define 



Case (2): In this case, ^2[f\U\,Lk) is a submanifold of {U\ \ -s^p^if)) x Lk 
diffeomorphic to U\ \ ■B/p^{,f)- By Morse's lemma, there is a local coordinate of a 
neighborhood Mp^. of pk on which / agrees with 

ur \ 2 2 I 2 I I 2 

h{x) ^Ck~x^ x^ + x^^^ + • • • + a;^. 

One can choose a metric on M so that the metric on Mp^ corresponds to the 
standard metric on R*^. We choose e and U\ so small that a neighborhood of 
^Pk if) ^ Lk in Lk is included in Mp^ and that U\ C Afp^ . By the local coordinate 
of Mpi_ , we have the following local description. 

■^PkW = {(2^1, ■■■,Xd) e Mp^ ; xi = ■ ■ • = a;^ = 0}, 
%k W = {(2^1, .■■,Xd)e Mp^ ; Xi+i = ■ ■ ■ = Xd = Q). 

To simplify the argument, we replace Lk with 

Lk = {{xi,. ..,Xd)& Mp^ ■,x\a h a;- = e} C Mp^, 

which is tangent to Lk along Lk n &p^{f). This replacement does not cause any 
trouble since we are interested only in the local form of the moduli space of tra- 
jectories on a neighborhood of £/p^{h) U ^^p^{h). Under the local coordinate of 
Mpj. , U\ \ £/pi, (h) can be considered as a subset of (R* \ {0}) x R*^^', and similarly 
Lk = S'^ X W^-\ where S'^^ = {(xi, . . . ,x,) C,W-x\ + ■ ■ ■ + xj ^ e}. 
By solving the differential equation 
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we obtain 
(3.1) 

X ( Xi,..., Xi, — Xi+i, . . . , — a;^); 

V r r \Js J 

(xi, . . . e t/A \ ^pfc(/i)|, 

where r = y^a;^ + • • • + x^. Namely, Ux,Lk) agrees with the image of the 

restriction of an embedding (E* \ {0}) x R'^-' x (S"^^ x M'^"') given by the 

formula in p.ip to U\ \ s^p^^{h). 

Now we shall construct a compactification of .^2{f]Ux,Lk) as the compactifi- 
cation of the embedding considered above. Let ■.W\ {0} — > x S^l^ be the 
embedding defined by 

ipo{xi, ...,Xi) = [xi,...,Xi; — Xi, . . . , — Xi , 
\ r r / 

where r = y^x^ + ■ ■ ■ + xf. The image of ipo has a canonical compactification as 
follows. Let 7^(R*) denote the total space of the tautological oriented half-line 
([0,00)) bundle over the oriented Grassmannian Gi(R*) = '5'^^. Let tt : 7^(R') 
M.'^ be the map defined by tt = prj^ o cp in the following diagram: 




where ip : ^^{W) — > x S'^^ is the embedding, which maps a point u on a half-line 
£ C R' (starting at the origin) to the pair {uj n S"^'^). Here, 7r"i(0) = d^^{W) is 
the image of the zero section of the tautological bundle pr2 o if : j^(W) — > 1 
that is diffeomorphic to S'*~^. Moreover, the restriction of tt to the complement of 
7r~"'^(0) is a diffeomorphism onto R* \ {0} and the restriction of o tt^^ to R* \ {0} 
agrees with ipQ . So Im is a compactification of Im cpQ to a smooth submanifold 
with boundary. (In fact, 7^(R*) is the blow-up of in R'.) 

The compactification of ^2{f',U\, Lk) is obtained from (p, as follows. Let ip^ : 
(R* \ {0}) X R''-* ^ R'* X S'^i be the embedding defined by 

(p'oixi, ...,Xd)^ (xi, . . . ,x<j) X pr2 o ipo{xi,. ..,Xi) 

= {X\,---,Xd) X — Xi,..., — X, 

\ r r 

and let ip' : ^'^{W) x R''"* ^ R'' x S'^^ be its compactification: 

ip'{uJ,Xi+i,...,Xd) ^ii(u,£) X (xi+i, . . . ,Xd) X pr2 0(^(M,f). 

This is just the direct product of ip with the identity on R''^\ Let ip'^ : (R* \ {0}) x 
^d-i X {S^^ X R-*-*) be the embedding defined by 

f T T \ 

(/3o(a;i, . . . ,Xd) = "y^ol^^i) ■■■^Xd) x (^-^Xj+i, . . . , -^^d) 
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and let ip" : '^^{W) x W^-" ^ M'' x {S'l^ x W^-") be the embedding defined by 

/ T T \ 

(3.2) ip"{u,l,x^+i,...,Xd) = 'p'iu,i,xi, . . . ,Xd) X \^—^Xi+i,...,—^Xdj. 
Now the following lemma is evident. 

Lemma 3.6. The following assertions hold. 

(1) ^2(/; U x,Lk) = Ini(^[,' n {{Ux \ ^pM) X Lk). 

(2) Im(^" = Imt^'o' m x (S';^^ x R''^*). 

(3) Im Lp" is a smooth submanifold with boundary. 

(4) dlmp" = {(0,...,0,a;,+i,...,x<j) x (4, . . . , x^; 0, . . . , 0) G R'^ x x 

R'^-*)!. iTence dlinip'' n (C/a x Lfe) = {Ux n ^p,(/i)) x (Lk n ^pj/i)). 
Namely, dlmip" f] {Ux x L^) is the space of once broken trajectories. 

We define 

^2(/; C/A,Ifc) = Imp" n (C/a X Lk). 

If C/a is small enough, then the image of Ux under the negative gradient flow is 
included in a small neighborhood of Lk H 2ip^{h) in Lk. Since Lk is tangent to Lk 
along Lk n 2>p^{f), the negative gradient flow gives a canonical embedding 

L : J^2{f\Ux,Lk) ^ C/a X Lfe, 

that induces a diffeomorphism Int .'#2(/; C^a, ife) — •^2{f', Ux, Lk). We define 

■^2{f; Ux,Lk) = Imt. 

Case (3): In this case, the negative gradient flow gives an isotopy 

$5. : Ux M, t £ [0, R] 

for every R > 0, such that ^'j^ = idy^. Put C/j^ ^f{Ux). If Ux is small enough, 
then for some choice of R, the open set U'-^ is included in Mp^ (a neighborhood of 
Morse's lemma). Then the image of the compactification of ^2{f',U'^,Lk) under 

'<2{f;Ux,Lk) oi^2{f;Ux,Lk). 
Now we define 



the diffeomorphism ^ x idi^. : U'^ x Lk ^ Ux >^ Lk gives a compactiflcation 



^2{f;Wk,Lk)^ U .^2(/;f/A,ife), 

where ^2{f', Ux,Lk) and ^2{f- Uf_,, Lk) are glued along J^2{f\ Uxr\Uf_i, Lk) through 
the inclusion induced maps. The compactifications .'#2(/; ifc+i, ^fc), •^2{ f\ Lk+i, Wk), 
•^2{f] Wk, Wk) are similarly deflned. Lemma [3^ and its analogues imply the fol- 
lowing proposition. 

Proposition 3.7. ^2(/; VFfe, ifc) (resp. ^2{f;Lk+i,Lk),^2{f;Lk+i,Wk)) is a 
smooth submanifold of Wk x Lk (resp. Lk+i x Lk, Lk+i x Wk) with corners, with 

{f;Wk,Lk) = \{Wkns^p,{f)) X {Lkn%,{f))] IJAl, 
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(resp. (Lfc+i n^p.Cf)) X (L^ n ^p, (/)), (X^+i n^p, (/)) X (W^fc n ^p, (/)) U A^,^ J. 
The restriction of ^2{f;Wk,Wk) on the complement of is a smooth subman- 
ifold of Wfc X Wk with corners, with 

d:^2{f;Wk,Wk) = [(Wfc n^p,(/)) X [Wk n %,{f))\ U(p„p,) A^y,. 

3.3.3. Moduli space of long trajectories. We will construct a compactification of 
-^2(/; Wk^ Wj)^ k > j, by patching together the various compactifications obtained 
above. First, we construct a compactification of ^2(/; VF^, Lfe_i). The moduli 
space Jii{.f\ Wk, ifc-i) can be identified with the intersection of ^i{.f\ W^, LfS) x 
^2{f;Lk,Lk-i) C WfcxLfcxLfcxLfc_i with A^^^ = {(x. z^.. Zk,Zk-i);x £ Wk,Zk e 
Lk,Zk-i € Lk-i}- It is easy to see that the intersection is transversal. Moreover, 
the transversality extends to the compactifications for a generic (/, /x) , as in the 
following lemma. 

Lemma 3.8. ^2{f;Wk, Lk)x^2{f; Lk, Lk-i) C WkxLkxLkxLk-i is transver- 
sal to Al^ ififilj) satisfies the Morse-Smale condition. 

Proof. Let a; be a point on the intersection. The orthogonal complement of T^iVVk x 
Alj^ X Lk-i) C Tx{Wk X LkX LkX Lk-i) is N^Al^, where N^Al^, C T^^Lk x Lk) 
is the orthogonal complement of T^Al^ C Tx{Lk x Lk). So it suffices to show that 
Tx{^2{f; Wk, Lk) X ^2{f; Lk, Lk-i)) projects surjectively onto N^Al^. . But this 
follows from the Morse-Smale condition. □ 

For a Morse-Smale pair (/, /x), we define 

:^2{f; Wk, Lk-i) = pr \^2{f; Wk, Lk) x :^2{f; Lk, Lk-i) n A^,] , 

where pr : Al^ -^WkxLkX Lk-i is the projection (x, Zk, Zk, Zk-i) ^ {x, Zk, Zk-i). 

Lemma 3.9. // (/, /x) is Morse-Smale, J^2{f',Wk,Lk-i) is a smooth manifold 
with comers, whose boundary is given by 



pr 

Upr 

U pr 



d:^2{f\Wk,Lk) X J(2{f;Lk,Lk-i)r\AL^ 

^2(/; W^fc, ifc) X a:#2(/; ifc, ifc-i) n Al, 
a:Z2(/; Wk, Lk) X d^2{f; Lk, Lk^i) n Ai, 



The interior of ^2{f; Wk,Lk-i) is canonically diffeomorphic to ^2{f; Wk,Lk-i). 

By repeating similar extensions inductively, we will obtain a compactification 
■^2(/; Wk, Wj) of Jl2{f\ Wk,Wj) as a submanifold of Wk xLkX Lk-i x • • • x Lj+i x 
Wj with corners whose boundary is given by the subspace of broken trajectories. 

3.3.4. Moduli space of general trajectories. We consider the gluing of ^2 (./; Wk , Wj ) 
and ^2 if; Wk- i,Wj) to construct ^2 (/; Wk U Wk- i,Wj) as follows. We consider 
^2(/; Wkr\Wk-i,Wj) as a submanifold of 3#2(/; Wk,Wj) and let ik ; ~^-2{f\ VKfeH 
Wk-\, Wj) ^ 3#2(/; Wk, Wj) be the inclusion. Let jk : ^2(/; Wk n Wk-i,Wj) 
^2(/; Wk-i,Wj) be the codimension embedding given by 

jk{x, Zk, Zk-l, Zk-2, ■■■,Zj) = {x, Zk, Zk-2, Zk-3, Zj). 
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Namely, jk forgets the node Zk-i- This is an embedding since Wk n Wk-i does not 
include critical point of /. Then we define 

:^2(/; Wk U Wk-uW,) = :^2(/; Wk,W,) ^zWM;Wknw,.,,w,) ^2(/; Wk-uWj), 

where the gluing map is given by jk ° ^■ 

Extending in this way, we will finally obtain the moduli space ^2{f'iM,Wj). 
Moreover, a similar extension is valid also for the second factor Wj and we will 
finally get 3#2(/, M, M). We will write 

^2(/) =:^2(/;M,M). 

Let Aj\/ be the closure of the lift of the diagonal Am-e(/) in ^2(/)- The following 
proposition is evident. 

Proposition 3.10. Let (/, /i) be a Morse-Smale pair that is ordered as in Lemma \3. 51 
Then ^li^f) is a smooth compact manifold with corners on the complement of Am, 
whose boundary is given by the space of broken trajectories. The interior of ^2{f) 
is canonically diffeomorphic to the interior o/^2(/)- 

Remark 3.11. The compactification .^2(/) is not a submanifold of M x Af whereas 
•^2{f) is a submanifold of M x M. There is a canonical continuous extension 
I : ^2{f) M X M of the inclusion l : ^2(/) — )■ M x M, that assigns to 
each trajectory with nodes the pair of boundary nodes. The image of Z is not 
a submanifold of AI x M with corners since the dimension of some faces of the 
boundary decreases. 

3.3.5. Compactification of descending and ascending manifolds. Bv Proposition [5771 
the subspace {pk} x {Lk n ^p^if)) of ^2{f]Wk,Lk) is a smooth submanifold of 
Q-^i{f'i Wk,Lk). So, one could construct a compactification .'#2(/; {Pk}, M) by a 
similar construction as above if one starts from {pk} x {Lk H ^p^{f)). We write 

^p(/)=:#2(/;M,Af). 

One could also construct a compactification £/p{f) — ^2(/; M, {p}) similarly for 
some j. By a similar argument as given in the proof of Proposition I3.10[ the 
following well-known proposition follows. 

Proposition 3.12. Let (/, /i) be a Morse-Smale pair that is ordered as in Lemma \S. 51 
Then ^p{f) (resp. £/p{f) ) has a natural compactification to a smooth manifold with 
corners 2>p{f) (resp. s^p{f)), whose codimension k stratum is 

;p,qi) X J({f\q\,q2) x • • • x ^ {f; qk-i, Qk) x Slq^{f), 

5i,...,<jfceE(/) 

p,gi , - . . distinct 

'^p{f)k= U i/gj/) X ^(/;(7fe,qfe_i) X ••• X .^(/;g2,gi) X 

gi,...,<jfceS(/) 
p ,q\, . . . ,qj^ distinct 

3.4. Compactification of Conf„(A/) of Fulton MacPherson. For a closed d- 
dimensional manifold M, the configuration space Conf„(Af) is a smooth submani- 
fold of Af " , that is the complement of the closed subset 

E = {{xi, . . . ,Xn) & M" ; Xi = Xj for some i ^ j} d A/". 
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There is a natural filtration S — S„ D D • • • D Ei D So with 

{(a;i,...,x„) e Af"; . . . , a;„} = j + 1}. 

The difference Si+i — is a disjoint union of smooth submanifolds of A/" — 
Ej. This property allows one to iterate (real) blow-ups along the filtration from 
the deepest one: First, one can consider the blow-up i3^(A/",Eo) along the d- 
dimensional submanifold Eq of M". Recall that a blow-up replaces a submanifold 
with its normal sphere bundle. Since the closure of Ei — Eq in i?£(Af",Eo) is 
also a disjoint union of smooth submanifolds (with boundaries), one can apply 
another blow-up along it, and so on. After the blow-ups along all the strata of E of 
codimension > 1, one obtains a smooth compact manifold with corners Conf„(Af). 

We will need a precise description of the boundary of Conf„(M) in the proof of 
invariance of Z2k,3k, so we shall briefly recall it here. The space Conf„(Af) has a 
natural stratification corresponding to bracketings of the n letters 1, 2, . . . , n, e.g., 
((137)(25))46 (see |FM| ). Roughly speaking, a pair of brackets corresponds to a 
face created by one blow-up. For example, the face corresponding to ((137)(25))46 
is obtained by a sequence of blow-ups corresponding to a sequence 1234567 — > 
(12357)46 ^ ((137)(25))46. 

The codimension one (boundary) strata of Conf„(A/) correspond to bracketings 
of the form (•••)•••, with only one pair of brackets. The stratum 9{i j}Conf„(Af) 
of 9Conf„(Af) corresponding to the bracketings (12 • • • • • • n is the face created 

by the blow-up along the closure of the following submanifold of Af": 

Aj — {(xi, . . . , Xn) S A/" ; xi — ■ ■ ■ — Xj, otherwise distinct} 

in the result of the previous blow-ups. More precisely, 9{i_..._j}Conf„(A/) can be 
naturally identified with the blow-ups of the total space of the normal 5^^^^^''^^- 
bundle of C Af " along the intersection with the closures of deeper diagonals 
that correspond to deeper bracketings. The fiber of the normal 5*^^^^-'''^ ^-bundle 
over a point {xj, . . . , a;„) G Aj is 

({(0,2/2, . . . ,2/,) e (K'')^"} - {0})/(dilation) - S^^-'^"-', 

where the coordinate Ui corresponds to Xi — xi (where it makes sense) via a local 
framing of Tx^M. The stratum 9{i _jj.Conf„(Af) is a fiber bundle over Aj. We 
denote the fiber of a{i_...j}Conf„(Af ) over a point of Aj by Confj°'^'''(R'*). There 
is a canonical identification of Conf^°^^'(M'') with the subset of Confj(R'') con- 
sisting of configurations {yi, . . . ,yj) such that yi — and X]fc9 II^^^IP = 1- We 
denote by Conf^°'^'*'(R'') the closure of the image of the inclusion Conf^°'^'''(R'^) 
Confj(Af) ^ Confj(R'^). The base space Aj is naturally diffeomorphic to Conf„„j+i(Af) 
and we denote by prj : Aj A/ the projection (xj, a;„) M- xj. So j}Conf„(M) 

has the structure of the puUback of the associated Confj (R'')-bundle of TM 

(C^j (R"^) is an S'Od-space) pulled back by prj. The definition of 9yiConf„(Af) 
for a subset Ac {1, . . . , n} corresponding to the bracketing {AjA^ is similar. 

It will turn out that the faces of 9Conf„(Af) corresponding to coincidence of two 
points are special among the codimension one strata of Conf„(Af). We denote by 
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(9P'''Conf„(]R'*) ("pri" for principal) the union of the faces corresponding to coinci- 
dence of two points and we denote by i9'''Conf„(R'') ("hi" for hidden) the union of 
ah the faces corresponding to coincidence of at least three points. 

3.5. Compactification of Pukaya's moduli space of gradient flow graphs 
in a manifold. We shall construct a compactfication ^r(f) of ^r(/). We shall 
first give another definition of ^r(/) using ^2{f)- For simplicity, we again assume 
that the non-compact edges in Se(r) are labeled (via /3) by {1, 2, ... , a}. We define 
an embedding 

a m 

'^f-x{{%Afi)^<ifi))^ n -^2 (/,)-> Af 2™ 

i=l j=a,+ l 

as follows. For simplicity, we only give a definition oi j- for F of Example 13.21 In 
that case, we define 

f{u,v;x2,y2; ■ ■ ■■,X6,y6) = {v,X2,X4) X (a;3,a;5,y2) x (a;6,y4,2/5) x (u, 2/3, ye)- 

Let be the subspace of M^^ defined by 

{(zi, zi, zi) X {z2,Z2, Z2) X (z3, Z3, Z3) X (z4, Z4, Z4) ; Zi e M, Zi^ Zj if i ^ j}. 

Then there exists a canonical diffeomorphism vd : — > Conf4(Af) and one may 
see that 

ro(Im«'^-nC"^) = .^r(/). 
We will construct a compactification of Im H . There is a straightforward 



r2m 



j=l j=a+l 

of 5*^. For example, for F of Example 13.21 

'if f{u,v;x2,y2; ■ ■ ■;xe,y6) = {a{v),X2,X4) x (a;3,a;5,y2) x {xe,y4,y5) x (t(m), 2/3, j/e), 

where r : ^p(/i) — >■ M (resp. a : -s^ q{fi) — ^ M) be the continuous map that 
assigns the terminal point (resp. source point) in a (possibly broken) trajectory, 
that extend the inclusions &p{fi) ^ M (resp. s^q{fi) ^ M). There is a canonical 
embedding 7 : Conf„(M) — > Conf„(Af), that induces a diffeomorphism onto the 
interior. Then we define 



J^rif) = Closure(7^r(/)) = Closure(7 o ^(Im ^-^n C^)) C Conf„(M). 
The following proposition follows immediately. 

Proposition 3.13. (1) Int^r(/) — 7^r(/). The space ^r(/) is compact. 

(2) On a neighborhood U of a point on the strata of codimension < I of 
Domain(5'y), is transversal to . Thus ^r{f) H "if j-{U) is a smooth 
submanifold with boundary. 

(3) 9(:Zr(/)n */([/)) 

= 70 tu(¥^-i9Domain(¥^-) n C^) U dCm!n{M) n (IZr(/) n */(L/)). 

Namely, the codimension one stratum of ^rif) consists of flows having 
(a) one once broken edge, or 
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(b) one subgraph collapsed into a point. 



Remark 3.14. By Remark 13.111 .'^rif) may not be a smooth submanifold of 
Conf„(Af) on the image from the strata of codimension > 2. To make this smooth 
submanifold, one needs to replace Conf„(M) with Conf„(M) x for some positive 
integer r. Then j- induces an embedding of the smooth manifold jr (C^). 

3.6. Orientations of d&p{f) and d£/q{f). Let / : M — M be a Morse function 
and /i be a metric on M that is Morse-Smale. We emphasize that we are assuming 
that d = dim M is odd. We shall describe the induced orientation on the codimen- 
sion 1 stratum ^r^pif) of broken trajectories j{t) with limt_^_oo j{t) = p that is 
broken at a critical point r when (/, ^) is Morse-Smale. We consider ^r^pif) as 
a submanifold of M x M. In the following we use the orientation convention of 
Appendix [X] 

3.6.1. Orientation of d&p{f). Let a be a point on !^r{f) that is close to r and 
choose a small neighborhood Ua of a in M, which is so small that Ua is included in 
a local model Mr of the Morse lemma around r. Let Cr = f{r) and let L'^ — f^^{cr + 
e). Choose a local coordinate {xi, . . . ,Xd) G K'' on the Morse model Mr so that 
G M'' corresponds to r. li f{x) — Cr agrees on Mr with the standard quadratic form 

h{x) = -xj ccf+xf+iH hx^, then we put L'r = {xf+^H ha;^ = C R'^. 

We shall describe the orientation of d&p{f)i n {L'r x Ua) that is induced from the 
orientation of Sip{f ). 



Suppose that d{r) = i, d{p) = i + fc + 1 (so that dim^{f;p,r) = k). Let 
Lp'^!, : W X (R^-^ \ {0}) -> (K* x S^^p^^) x M'^ c M'' x R'' be the embedding defined 

by 

(^g(a;i, . . . , Xj; x^+i, . . . , Xfi) 



where r = ^xf+i H h and let (yj" : x 7i(R'*-') (W x 5"^*"^) x be 



its compactification as above (see p. 2^ *1. Then we have 

:Z2(/;I;, Ua) = Irmp" n (I; x and 

9Im(^" = ({0} X S^'-^) X (r X {0}). 

Note that the image of ip" agrees with the following subspace 



Let b = (0, . . . , 0, y/e) e L'r- By symmetry, we need only to consider the 
orientations on a neighborhood Ub of {6} x {S^r{f) H Ua) C LJ, x Ua- More- 
over we assume for simplicity that Th{2>p n L'r) = {(xi, . . . , x^+fc, 0, . . . , 0, Ve)} C 
{(xi, . . . , Xd-i, a/e)} = TfcL;. We put 






(3.3) 



o{%{f))x = adxi A • • • A dxi, 
o{%{f))x = /3 dxi A • • • A dxi+k A dxd. 
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for X e Mr, a,/3e{+l,— 1}, where these make sense. This gives 

o*{£/r{f))x = adxi A ■ ■ ■ Adxi, 

o*(^p(/)). = i-lf-^-'-^lS dx,+k+i A • • • A dxd^i. 

We also consider &p{f) n C/a as a submanifold of x via the embedding tp'^. 
The orientation of ^p(/) H Ua, considered as a submanifold of x W^, induced 
from (13.31) is 

o{^^p{f))(^x,x') = Pdx'i A • • • A da;^ A dxi+i A • • • A dxi+k A dxd. 
Hence we obtain 

o*(i^p(/))(.,xO 

= {-ly (3 dx'^^^ A • • • A da;^ A dxi A • • • A dx.^ A dxi+k+i A • • • A dxd~i- 

This induces the following orientation on the boundary: 

A • • • A dx^ A dxi A ■ ■ ■ A dxi A dxi+k+i A • • • A dxd 
= V c'a:-.!.! A • • • A (ia;Jj A dxi A ■ ■ ■ A dxi A dxi+k+i A ■ ■ ■ A dxd- 

Note that the inward normal direction of (/; L'r,Ua) H Ub corresponds to the 
outward normal direction of S*^*^^ (recall that corresponds to the bound- 

ary face of 7^(]R''~*)). So the dual of the inward vector field with respect to the 
standard metric is given by dxd. Then apply (jA.ip . 

Given these data, we compute o* {^{f;p,r)) as follows. 

0*{^2{f;P,r))x=0*{%(f)(h^r{f)). 

= o*(^p(/)),Ao*K(/)), 

= (-l)''*^*+^^Q!/3c?xi A ■ ■ ■ A dxi A dxi+k+i A • • • A dxd-i- 

So we have 

o*(.^(/;p,r))^ = A • • • A dx; A dx,+k+i A • • • A dxd-i A dxd, 

where dxd corresponds to the dual of grad^, / with respect to the standard metric 
. Therefore, 

o*(^(/;p,r)),Ao*(^.(/)V 

= (-1)*+^/? dx^^l A ■ ■ ■ A dx'^ A dxi A ■ ■ ■ A dxi A dxi+k+i A ■ ■ ■ A dxd- 

This agrees with the orientation of d&p{f)i induced from o* {&p{f))(^x,x') given 
above in p.4p . 

Lemma 3.15. The normal orientation on d&p{f)i H (LJ. x Ua) induced from 
o* {%{[)) (x,x') agrees with o* {^{f;p,r))^ A o* x Ua)x'- 
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3.6.2. Orientation of ds!/q{f). Suppose that d{r) ~ i and d{q) = i — fc — 1 (so 
that dim^{f;r,q) = k). The orientation of d£/q{f)i is described as follows. Let 
(^[j' : (R* \ {0}) X R'^-* ^ R'^ X (5^^ x R"*-') be the embedding defined by 

V3q(xi, . . .,Xf, X^+l, . . . ,Xd) 

= (xi, ...,Xd) X a^ii ■ • • , —^i ) X 



(3-5) ^ N /Ve \ / 

r r / \y/e ^Je 

where r = v^a;^ H + and let : 7i(R') x M''-» R-^ x (5^^ x R''-*) be its 

compactification. Then we have 

^2{f;Ua,Lr) = lm(p" n {Ua X Lr) and 

9Ini(^" = ({0} X M"^-*) X (5^1 X {0}). 

Note that the image of if" agrees with the following subspace 

f/ r , J_ I. \ ( ' '-JL- JL- V 

■j^ ^ /^a^i: • . ■ J r^x^jXiJ^i^ . . . ^Xd j X ^a;]^ , . . . , Xj , —a^i-j-i, . . . , ^Xdj, 



eR'^-\ e 5^1, r e [o,oo)}. 



Let 6 = (^/e, 0, . . . , 0) G Lr and we consider the orientations on a neighborhood 
Ub of (^r(/) n ?7a) X {b} C Ua X L,.- Morcover we assume that Tb{£/q{f) n L,.) = 
{(Ve, a;2, . . . ,Xfe+i, 0, . . . , 0,Xi+i, . . . , a;^)} for simplicity. We put 

o{s^r{f))x = a dxi+i A • • • A dxd, 

o{'f^q{f))x = P dxi A ■ ■ ■ A dxk+i A dxi+i A • • • A dxd, 

for a: G Mr, a, (5 G {+1,-1}, where these make sense. This gives 

o*{%U))x = adxi+i A • • • A dxd, 

o*K(/)). = (-l)(^-'=-i)('^-*)/?da;fc+2 A • • • A dx,. 

We also consider £^q{f) Ua as & submanifold of R'' x R** via the embedding ipQ. 
The orientation of s^q{f) n /7a, considered as a submanifold of R'' x , induced 
from p.6p is 

o('2^g(/))(x,a:') ^ dx!^ K ■ ■ ■ K A A • • • A (ia;^. 

Hence we obtain 

(3.7) o*(i/,(/))(^,^,) = (-l)'=^+i/3dxi A • • • A da;, A A • • • A da;;;. 

This induces the following orientation on the boundary: 

{-\f'^-^{-\f"^^p,dxx A • • • A dx, A dx'fe_^2 A • • • A da;^ A da;'i 
'^^^^ = - (-1)''+^^ da;i A • • • A dxi A da;fc_|_2 A • • • A da;'^ A dx\. 



Given these data, we compute a* {^{f;r, q)) as follows. 

o*(^2(/;r,g)). = o*(^,(/) rtl i/,(/)), 

= 0*{%{f)),AO*{^qif)), 

— a/3 dxk+2 A • • • A dxd- 
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So we have 

o* { Ji{f\ r, g))^ = afi dxk+2 A • • • A dxd A (-dxi), 
where —dxi corresponds to the dual of grad^. /. Therefore, 

o*{s!/rif))x A o*{^{f;r,q))x' = -/Sdxi A ■ ■ ■ A dxi A dx'f.^^ A • • ■ A dx'^^ A dx[. 
This agrees with = {-l)dir)~diq) ^j^g orientation of d^g{f)i induced 

from o* {£/q{f))(^x.x') given above in p.Sp . 

Lemma 3.16. T/ie normal orientation on d£/g{f)i f] (Ua x Lr) induced from 
o*K(/))(=.,^') agrees with (-l)''W-''(9)o*K(/) n A o*(^(/;r,g)),,. 

3.7. Orientation of d^2{f)- To describe orientation of ^2(/), we need to de- 
scribe orientations of ^2{f] U, U') for aU charts C/, U' C M. It suffices to describe 
orientations of the basic cases ^2(/; U, Lr), U n £/r{f) 7^ 0, since the orientations 
of any pieces ^2(/; U, U') are canonically induced from the basic ones. 

The orientation of dZ£2{f;U,Lr) is as fohows. Let (p['t : {W \ {0}) x R'^'' ->■ 
R'^ X (5^^ X R'^-*) and ip" : j\W) x R'^-' ^ R'^ x (S'^^ x R'^-») be the same as 
above (in p.Sp V Then as above we have 

3#2(/; U,Lr) = limp" n{U X Tr) and 

5Im^" = ({0} X R''-'^) X {S'^^ X {0}). 

Let b = (^/e. 0, . . . ,0) E Lr and we consider the orientations on a neighborhood 
Ub of (s^rif) nU) X {b} CU xLr. We put 

o{s2^r{I))x adxi+i A • • • A dxd, 
for X E Mr, a, P E { + 1, —1}, where these make sense. This gives 
o*i&r{f))x =adx,+i A • • • A dxd, 
o*{-s^r{f))x — adxi A ■ ■ ■ A dxi. 

We also consider ^2{f', U, Lr) as a submanifold of R'' x R'' via the embedding lpq. 
The orientation of ^2{f', U, Lr), considered as a submanifold of R'' x R'', induced 
from the standard orientation dxi A ■ ■ ■ A dxd of U is 

o(^2(/; U, Lr))(x.x') — dx'i A ■ ■ ■ A dx[ A dxi+i A ■ ■ ■ A dxd- 
Hence we obtain 

o* (^2(/; Lf, Lr))[x,x') = —dxi A ■ ■ ■ A dxi A dx[^i A ■ ■ ■ A dx'^- 
This induces the following orientation on the boundary; 

_ [-if'^-^'^dxi A- - ■ Adxi A dx'i^i A ■ ■ ■ A dx'^ A dx[ 
=dxi A ■ ■ ■ A dxi A dx^^^ A ■ ■ ■ A dx'^ A dx[ 

for x' close to 6 = (-^/e, 0, . . . , 0). 

Now the normal orientation of &r{f) H Lr is as follows. 

0*{&rif)nLr)x' = 0*{&r{f))x' A i~dx[) 

= —a dx[j^i A ■ ■ ■ A dx'd A dx'i . 
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Therefore, 

o* {J2fr{f))x A o* {&r{f) H Tr^x' = -dxi A ■ ■ ■ A dx^ A dx'i^^ A • • • A dx[i A dx\. 

This agrees with —1 of the normal orientation of d^2if',U,Lr) induced from 

o*{^2{f;U,Lr))(^x,x') given above. 

Lemma 3.17. The normal orientation on dJ^2{f\U, L^) induced from o*{^2{f\U,Lr))(x,x') 
agrees with -o*{.-e/r{,f) n U)x A o*{&r{f) n 

3.8. Orientation of 

3.8.1. Standard orientation of from graph orientation. For a graph V without 
bivalent vertices, the moduli space ^r{f) can be defined as the intersection of 
submanifolds of Conf„(M), as follows. Suppose for simplicity that the separated 
edges of T are labeled 1,2, ... ,a. Let TTy : Conf„(M) Conf2(M) be the projec- 
tion (xi, . . . ,Xn) t-^ {xi,Xj) and let Qk and H/. be the submanifolds of Conf„(M) 
defined by 

Ok = 7r-/{^2{fk)), Hk = i^i,H%Ah) X =<(,ffe)), 

where i = cr(fc), j = rik). Note that codimG/c = d—1, codimiJ^ = d—d{pk)+d{qk)- 
Then we have 

a m 

^r{f) = C]Hjn fl e„ 

j=l J=a+1 

where the intersection is transversal. Leto*(ej) e ^^r^B) and o*(ifj) e 
be differential forms that represent normal orientations of Qj and Hj , and that are 
locally defined on a neighborhood _B of a crossing point in Conf„(M). We represent 
orientation of ^r{f) by a wedge product of o*(i/j)'s and o*(9j)'s. 

Now we assume that F e ^n,m(<5), so that codimSj and codimiJj are even. 
Wc shall define a standard orientation of ^r{,f) from the orientation of F, as 
follows. Recall that the orientation o(F) of F is an orientation of the real vector 
space ]R^(^) © 0eeComp(r) ^"^''^ and we write o(F) ^ o(K^(i')) A Ae o(M^(^)). The 
o(M^(^)) part determines an orientation of Conf„(M) and the /\^o{M.^^^^) part 
together with the orientations of the descending manifolds determine o*(0j)'s and 
o*(iJj)'s. Then we define the standard orientation of ^r{f) by the formula 

a m 

o*{^r{f))= /\o^Hj)A A o*{ej)€n'^t^^'''iB)- 

j=l j=a+l 

Since codimO^ and codimiJj are even, the order of wedge product does not matter. 

The same rule equally works for graphs in ^n,m,{2,i,...,i){C), ^n,m,(o,i,...,i)(^) 
etc. without bivalent vertices, since in that case only one Hj is odd codimen- 
sional, so again the orientation of ^r{f) is canonically determined from the graph 
orientation. 

For a graph in '^n,m,ri{C) without bivalent vertices such that there is exactly one 
j with ?7j = 2, exactly one j with r]j = and otherwise r}j = 1, let j2 and jo be 
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such that r]j2 = 2, ry^o = 0. Then we define a standard orientation of ^r{f) by 

m 

o*(.^r(/))=o*(ff,„)Ao*(F,jA /\ o*{H,)A /\ o*(e,). 

i<j<£i j=a+l 

We also consider orientations of ^r(/) for graphs F e ^^Ti.m,(i.i,...,i) with 
only one bivalent vertex. For three possiblilies for the position of the bivalent 
vertex in F, we define a standard orientation of ^r(/) as follows. 

(1) F = '^' °\/ , = d{r{) + 1. Let F' be the graph obtained from F 

by removing the segment d'^'^\pi^ri). In this case, ^r(/) is canonically 
difFeomorphic to .'^{fi;pi,ri) x ^r'(/)- We define 



o* (^r(/)) - o* (^(/,; p„ rO) A o* G^r' (/)). 
(2) F = , , d{qi) — d{si) — 1. Let F' be the graph obtained from F 




by removing the segment S*-') (si, qi). In this case, ^r{f) is canonically 
diffeomorphic to ^r'{f) x -^{fi', Si,qi). We define 



o* (^r(/)) = o* i^T' if)) A o* (.^(/,; s„ q,)). 
(3) F = Vqj, . In this case, the orientation of ^r(/) is determined by the 




k 



intersection of H'f. = TTi/i%-ki.fk) x s^rkifk)) (codimension (d — d{rk)) + 
d{rk) = d) with the intersection of 9j's and Hj's. We define o*(^r(/)) as 

(3.9) o*{^r{f))^o*{H,,)A /\ o* (H,) A o* {H',) A /\ o*(e,). 

l<j<a a + l<j<m 

3.8.2. Induced orientation on d^r- Suppose that F g ^^,i.m,s(i,i i){C^) has no 
bivalent vertices. We shall compare the orientation of a face of d^rij) induced 
from o*(^r(/)) and the standard orientation of the same face of d^rif) fixed in 

Suppose that F G '^n,m.fi{C) has no bivalent vertex and that there is only one 
number j with r/j = 2 and rjk ~ 1 for k ^ j. Let j2 be such that rjj^ —2. As 
in §3.8.11 we consider ^r{.f) as the intersection of the chains Hj's and 9j's in 
Conf„(M). 

Choose a number k such that 1 < fc < m and put 



n^^^<^^H,nn"ia+iQj ifi<fc<a 

fTjLi Hj n n »+i<.<™ iia+l<k< 



30 



TADAYUKI WATANABE 



Then 

codimEfc = codim./#r(/) ^ codimiJ^ 

= (dn — d{n — m) — m — 1) — (d + 77^) = (d — l)(m + 1) — 2d — rjk- 
Let X be one of the graphs that appear in the sum rf^j-^j-jr. We shah describe 
the orientation on the face S^x of d^r{f) corresponding to X, induced from the 
standard orientation of .y^rif)- 
Pk' 

(1) X = 



By Lemma [5.15[ the orientation of ^rk-^rif) induced 



from the standard one 

o*(^r(/)) = o*i%,ifk)) A o*«(/,)) Ao*(E,) 
is given by 



o*{^ih;Pk,rk)) A o*(^.,(/fe)) A o*KJA)) A o*{E,) 



= o*(^(/fe;pfe,rfe)) Ao*(^r'(/))- 
This agrees with the standard orientation fixed in §3.8.11 



By Lemma [3.16| the induced orientation of ^sk-^r{f) 



induced from the standard one 

o*(^r(/)) = A o*{%,{h)) A o*KJ/,)) 

is given by 

(_^)dK)-rffe)o*(Sfe) A o*{%,(h)) A o*K,(A)) A o*(^(/fe;Sfc,gfe)) 

= )^''(9fe)(^_J^^(<i-'^(Pfc)+<i(9fc) + l)codimS;fc 



X o*(^pJA)) Ao*KJA)) A o*(Sfe) A o*(^(/,;sfe,qfe)) 

= (-l)'^(^'=)-'^(^'=)o*(^r'(/)) A o*{.£{h;su,qk)). 
This differs from the standard orientation by (— 1)'^(p'!)~''(*'!). 

(3) X = \or-- '^^^ induced orientation on the boundary is as in Lemma [3.17( 




which agrees with —1 of the standard orientation 
Now we have seen that the signs in the formula of the definition of d' is consistent 
with the induced orientations on the boundary of ^r(/)- Namely, we have the 
following proposition. 

Proposition 3.18. Suppose that d — 3. ForT e ?^2fc.3fe,s(i,...,i)(C') without bivalent 
vertices, we have 

dZ^rif) = :#(rf+d')r(/) lJ(5hiC^2fc(M) n :#r(/)) 
as oriented 0- dimensional manifolds. 
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3.9. Moduli space of infinitesimal graph flows. Fix a smooth Riemannian 
manifold X and a graph F with only compact edges that is a subgraph of a graph 
in ^2fc,3fe,E(i,...,i)(<?)- We consider the moduli space of a singular graph with F 
collapsed into a point. Since F is a subgraph of a graph in ?^2fc,3fc,s(i,...,i)(C')j it 
may have vertices of valence < 2 that is a part of a black vertex. We call such a 
vertex a bivalent or a univalent black vertex. Suppose that F has n vertices and m 
edges. We consider the trivial bundles 

■K-.Xx S'^-^ X, 

-local 



X X Conf„ {R") X. 



Note that X is not necessarily d dimensional. Let ipij : ConfJ^'^'^^R^) S'^ ^ be 
the Gauss map that assigns the unit vector n'^^"^',, and let 



Jocal 



X X Conf„ (R'') ^ X x S' 



d- 



be the map defined by 4)ij{y,x) = {(f>ij{y),x). Suppose given a smooth section 
^ : X ^ X X S'^-^ oi TT. Since ^„ 
the subset 



7 : X — X X ^ of tt. Since (pij is obviously transversal to 'y{X) on each fiber, 



0fc(7) = <t>^'h{X)) C X X Confl°^^'(R'^) 
forms a smooth subbundlc of tt' . Now we define 

■m 

(3.10) ^]i°^^'(7) - n e,(7fe) cXx C^'r'i^") 

fe=l 

for a sequence 7 = (71, ... ,7™) of sections of the sphere bundle tt. One can also 
define ^^"'^'^^{■y) for a section 7 of the trivial M'' — {0}-bundle over X similarly. 
The formula p.lOp also defines an orientation of if the intersection is 

transversal. 

Lemma 3.19. For a generic choice of ^, the moduli space ^^^^^^{'j) is a smooth 
submanifold of X x Conf„ (R'^) of codimension {d~ l)m. If X is compact, then 
so is 

Proof. Note that Qkil) is a smooth submanifold of codimension d — 1. By the 
transversality theorem, one can deform 7 slightly and inductively so that the in- 
tersection p.lOp is transversal in the above sense. Thus for a generic choice of 7, 
^k)cai^^^ is a smooth submanifold. □ 

Lemma 3.20. Suppose that F has a bivalent black vertex a and that the edges of 
F including the vertex a are (6, a) and (a,c). Let F' be the labeled graph obtained 
from F by exchenging labels for edges {b,a) and (a, c). Then there is an involution 

S : X X C3IIf'°''''(R'^) X X C^^°'''"\r'^) which leaves ]} '^r°'"'\l) 

invariant and reverses the orientation. 

Proof. Let (t, xi, . . . , Xn) & X x Coni^°'^^^ (R^) be a point on ^jP'^^^'^). Suppose 
that the vertices a, b and c of F correspond to Xa, xp and x^ respectively. Then 
the automorphism of Conf„ (RJ^) which sends Xa to xp + x-y — Xa gives rise to 
the desired involution. □ 
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Lemma 3.21. Suppose that T has a univalent black vertex a and |l^(r)| > 3. Then 
^k)cai^^-j admits a smooth free R-action. 

Proof. Suppose that the edge of F including the vertex a is (a, b). Since |T^(r)| > 3, 
there is a dilation of the trajectory corresponding to (a, b) in a graph flow, which 
is independent of overall dilation. This gives a desired M-action. □ 

Now we consider the case d = 3, T & 5^2fc,3fc,s(i in which case ^r(/) 

is l-dimensional by Proposition 13.41 For a subset A of {1, . . . let denote 
the subgraph of T with ^(r^) = a{A) such that E(Ta) = Conip(rA). Let /a C 
/ be the subsequence corresponding to E(rA)- According to the description of 
9Conf„(M) in ^3.41 the face of d^r{f) corresponding to the face 9AConf„(M) is 
diffeomorphic via the induced map by a trivialization TM ^ M x R'' (framing) , to 

^r/r.(/\ fA) X Xr'(-gradojVA), 

which is at most a 0-dimensional oriented manifold. By Lemma I3.20| we have 
#^l°^^\-gTadoj^fA) + #^l'i^''\-gTadoj^fA) = if has a bivalent black ver- 
tex. By Lemma [3.211 if \A\ > 3 and if Ta has a univalent vertex, then 

^^°;-'(-grado//A) - X M = 0. 

Since F € ^^2fe,3fc.s(i,....i)(C'), the subgraph F^ must have bivalent or univalent black 
vertices. Thus Proposition 13. 181 implies the following lemma. 

Proposition 3.22. Suppose that rf = 3, F e ^^2fc,3fe,s(i Then we have 

#^id+d')v{f) = #93#r(/) = 0. 

3.10. Definition of Z2k,3k- Now we assume that d — 3, n = 2fc, m = 3k. 

3.10.1. Definition of Z2k,3k- By Proposition l3.4[ for any graph F G %/c,3fe(C') with- 
out bivalent vertices the moduli space ^r{f ) is a compact 0-dimensional subman- 
ifold of Conf2fe(M). So the number of the components can be counted with signs if 
we orient ^r(/) by the standard orientation of Let #^r(/) be the number 
of components counted with signs. Then the correspondence F i— >■ #.'#r(/) defines 
a linear map 

Lemma 3.23. Let ^^(C) be the image of ^2k,3k{C) under (•) : ^^2fc,3fc(C) 
J^fc(C). There is a unique linear map 

such that if:£,{f) = ff^'M) ° (■>• 

Proof. That the 9-relation and C-relation are included in the kernel of fj^^,{f) 
is obvious from the definition of the moduli space ^r{f) and the Morse complex. 
We show that {d + d')^2fc,3fc,E(i,...,i) is included in the kernel of But 
this follows immediately from Proposition 13.221 The proof is completed. □ 
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Now we define 

= T^g-[[r]] • #:Zr(/) e ^2fe,3fe. 

By Lenima l2.3[ ^2fe,3fc(/) does not depend on the choice of g. However it may still 
depend on the choice of /. We need to consider a correction term to make this an 
invariant of M. 

3.10.2. Differential relation ,^ . Let C J3(M'',M) be the subspace of all / e 
J3(R'^,R) such that one of the following holds: 

(1) G M'^ is not a critical point of /, 

(2) e M"* is a nondegenerate critical point of / G 

(3) e M'^ is a birth/death singularity of / G 

Since ^ is GL+(R'^)-invariant, we can consider the associated subbundle J^{TX) 
of the jet bundle J^{X,M.) with the structure group GL+(K'^) if X is an oriented 
smooth d-manifold. By K. Igusa's lemma saying that the "framed" version of 
is weakly contractible ( |Igl| ), one obtains the following lemma immediately. 

Lemma 3.24. Let M be a closed oriented d-manifold and let W be a compact 
oriented {d + l)-manifold with dW — M. Suppose that there exists a rank d sub- 
bundle T^W ofTW with T^WIm = TM. Then any section 7 e r(^(TAf)) has 
an extension 7 € r{J^{T'"W)). 

3.10.3. Correction term. Now we shall define a correction term. We consider S'^ as 
the one point compactification M.^ U {00}. Let 

Uao = {xeR^; \\x\\ > R}U {00} c 

for some large R. Choose a compact spin 4-manifold W with dW = AI and choose 
a point 00 € M and a small open ball C M including cxd . Fix a diffeomorphism 
ifoo '■ — > Uoo which sends 00 to 00. Since fJg^'" = 0, if a framing tm on 
T(M \ {00}) is given, then one can find a compact spin 4-manifold W with dW = 
M and with a spin structure that is compatible with the spin structure of M 
determined by tm- We fix tm such that it agrees on U'^ \ {00} with the puUback of 
the standard one on Uoo \ {00} by tpoo- We extend the trivial stabilization n ® tm 
on © T{M \ {00}) to a 4-framing t^j on ® TM, which is possible since is 
stably parallelizable. 

Lemma 3.25 (Lemma 2.3 of jKMj ) . Suppose that t'j^j is compatible with the spin 
structure on W . Then t'j^j extends to a framing on W if and only if pi [TW] tJ^j) — 
and X^W) — 1; where pi{TW]t'j^j) G Z denotes the relative Pontrjagin number. 

Lemma 3.26 (Lemma 2.3 of [KM ). We have pi{TW; r^f) = mod 2. Moreover, 
Pi{TW]t']^) can be changed by ±2 by changing tm by a fiberwise SO^-action given 
by a section M — SO3. 

By Lemma 13.261 there is a unique framing tm with pi{TW; t'j^,j) = 0. Moreover, 
since T** is a parallelizable spin 4-manifold and since x(W^#r*) = xi^) ~ 2, one 
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can find a pair {W, t'j^.j) satisfying ttie condition of Lemma [3. 25) if x(VF) = 1 mod 2 
and x(M^) > 0. The following lemma follows from the proof of |KM1 Theorem 2.6]. 

Lemma 3.27. For a 1,-homology 3-sphere M (with a canonical spin structure), 
there exists a simply- connected compact spin 4-maniJold W with dW = M as the 
spin boundary such that x(W^) = 1 rnod 2 and > 0. 

There is another extension of tm that is canonical. The standard framing tr3 
on R'^ can be replaced within Uoo \ {oo} so that it extends to a framing of TS^. We 
denote the resulting framing of TS^ by rga . Moreover rga can be choosen so that 
the signature defect vanishes: 

^Pi{TD^;tss ® n) - signi?^ = 0. 

Such a choice is canonical up to homotopy ( [KM] ) . Then by gluing the puUback 
tpi^ (T53 1 [/^ ) with tm\m\u'^j obtain a honest framing tm of TM. The two 
framings tm and t'j^^ define the bundle monomorphism 

9m = T^yi o TM ■■ TM TW\m = £^ ® TM. 

Note that 9m is unique up to homotopy in the sense that if one changes the honest 
framing tm within T{M\U^) by a map (M \ U^, diM \ U^)) (GL(M3), id), 
then Tm and t'j^j may change while 9ai will not change. 

Now let (Wjt'j^j) be a pair satisfying the condition of Lemma [3.251 Then one 
can find a sub 3-framing Tyy of TW that extends tm and that is a sub 3-framing 
of t'j^,j. The 3-framing spans a rank 3 subbundle of TW. Let .J^^T^W) 

be the associated J^-bundle to T'"W . Then 9m induces a bundle isomorphism 
9m ■■ .^{TM) Jf{T'"W). For each i, let p, be a section of .^{T^'W) given by 
OMiffi) and put = (pi, ■ • • , Psfc)- We define 

where the moduli space ^p°'^'*'(— gradgj^pW) is considered inside the trivial Conf^2k'^^ 
bundle over CljliiW \ associated to the restriction of the R^.bundle T^'W. 

Lemma 3.28. For a generic choice of the extension pyy , the number 
#./#P°'^^'(— gradgj-^pW) is finite. 

Proof. We put 7 = (7i,...,73fc) = -gradp^Vw for simplicity. Since E(7i) C 
W is a smooth 1-dimensional submanifold of W, we may assume without loss of 
generality that ^(7^) n E(7j) = if i 7^ j. We shall show that the projection 
of ^^'^^^{'j) on W is disjoint from a neighborhood of E(7j) and hence from a 
neighborhood of IJj=i ^ilj)- Let F' be the graph obtained from F by replacing 
E(r) with E{T) \ By a similar argument as in the proof of Lemma [3.191 

one sees that ^^^'^'^'(7 \ {7^}) is a smooth submanifold of x Conf2*^?'*'(R'^) of 
codimension 2(3fc— 1) = 6fc — 2, i.e., a 2-dimensional submanifold. So, for a generic 
choice of 7, the projection of on W is disjoint from a neighborhood 

of S(7j) due to a dimensional reason. Recall from definition that ^^'^^^{'j) is 
the intersection of ^p?'^^'(7\ {7^}) with 6j(7j). Hence for a generic choice of 7, 
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the projection of (j) on W is disjoint from a neighborhood of S(7j). By 

Lemma |3.19[ the restriction of ^p°'^^'(7) to the complement of a neighborhood 
of lJ^=i ^ilj) is compact. So, for a generic choice of 7, is a compact 

0-dimensional submanifold. □ 

We say that two compact spin 4-manifolds W and W with dW = dW = M 
are relatively spin cobordant if there is a compact spin 5-manifold V with dV = 
W {—W) whose spin structure is an extension of those of W and —W. 

Proposition 3.29. Let W and W' be two compact spin 4-'m<inifolds with dW = 
dW = M and x(VK) — x{W) = 1. If W and W' are relatively spin cobordant, 
then the following assertions hold. 

(1) There exists a framing tm of T(M\ {00}) such that t'^^ can be extended to 
4- framings of both TW and TW . Hence one can find sequences of sections 
pw G r(Jf (T^VF))" and pw £ T{.y>f{T"W'))'^ with pw\m = Pw'\m = 
OMiff). 

(2) For any such extensions pw and pw' , which are generic in the sense of 
Lemma \3. 28\ we have 

(3-11) ^2fc,3fc (PW') = ^2fc,3fc iPW')- 

Proof (1) Put 

X = WUg (Mx [0,l])Ug. i-W), 

where the gluing maps g : dW = M M x {1} and g' : -dW = -M M x {0} 
are the natural ones. By assumption, we have \X] = G r24^'". Then by the 
isomorphism sign : Vt^^'^ ^ 16Z and by Hirzebruch's signature theorem signX = 
i(pi(rX), [X]) for X closed, it holds that 

Pi{TW-T'^,)-pi{TW'-T'j^t)=Q 

for any choice of tm- Hence by choosing tm suitably, we may assume thatpi(TVF; t^j) 
Pi{TW' ; t'j^^.j) = by Lemma [3.261 Thus by Lemma [3.251 such a t'j^^ extends to 4- 
framings on both W and W . 

(2) One obtains a 4-framing tx on TX by gluing the framings on TW, TW' and 
pr^T^f on T{M x [0, 1]) that are compatible at M x {0, 1}. The sub 3-framing of 
Tx that extends tm spans a rank 3 subbundle T'"X of TX. One obtains a section 
px of J^(T'"X) by gluing pw and pw' together at the boundary. By definition of 

^anomaly i 

^2fe,3fc ' we have 

/o -1 o\ y-7anomalv / \ /^anomaly / -* \ ry anomaly / \ 

(3-12) ^2/c,3fc (P-y) = ^2fc,3fe (Pw) - ^2fc,3fc iPW')- 

Since X is spin nuU-cobordant, there exists a compact spin 5-manifold V with 
dV — X. We want a parallelizable one for such a V. We consider the obstruction to 
extending the stable framing n©Tx of (BTX over a 5-framing on TV. Since V is 
spin and since ^2(805) — 0, 713(5*05) — 1 and 7r4(S'05) — Z2, the first obstruction 
Oi(F;n© Tx) to the extension lies in the group H^{y,dV;-Ez{SO^)) = Hi{V;Z). 
It is easy to see that any class in Hi{V;'Z) can be realized by an embedding / : 
5'-'^ — >■ Int V. Since V is spin, the normal bundle Nf of the image of / is trivial. 
So by a surgery along a framed embedding {f,Tf), the homology class [/] can be 
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eliminated. Moreover, by choosing tj suitably, we may assume that the resulting 
5-manifold of the surgery is spin again since ttiSO^ — t- ttiSO^ is surjective. 

Now we assume HilV^Zi) = by doing surgeries as in the previous paragraph, 
if necessary. Then the next obstruction 02{V;n (B tx) for the extension lies in 
the group H^{V,dV;7T4{S05)) = Z2. To eliminate 02iV;n ® tx), we consider the 
connected sum V' = V^V between the interiors. Then one can check that the 
obstruction 02{V'; n ® U ® ^x) G H^{V' , dV; tt4{S05)) vanishes in any case. 
This change makes both sides of (I3.1ip just multiplied by 2. So we may assume 
without trouble that the obstruction 02{V;n(B tx) vanishes in advance. Thus we 
assume that we have a framed 5-manifold {V,tv), that extends {X, n ® tx)- Then 
a sub 3-framing of ry defines a rank 3 subbundle of TV, that is an extension 
of T^X. Moreover there is an extension pV — {pv,i, ■ ■ ■ 1 Pv^k) G T{J^{T'"V)) of 
Px- 

We put 7 = (71, . . . ,73fe) = — gradp^'^pV. Let V be the graph obtained from 
r by replacing £'(r) with E{T) \ We identify the total space of the as- 

sociated Conf2T'(]R^)-bmidle to T'"V with V x ConfaT^'V^) via ry. Let tt' : 
V X Confj";^^ (R'^) V he the projection. Then as mentioned in the proof of 

Lemma [3211 ^^^''''Kl \ {ij}) is a smooth submanifold of F x Ccmf (M^ ) of 
codimension 6fc — 2, i.e., 3-dimensional. On the other hand, 7r'^^(S(7j)) is a codi- 

mension 3 submanifold of x Conf2°j!^^\R'^). For a generic choice of 7^ , the in- 
tersection of the two submanifolds is transversal and hence the intersection is a 
0-dimensional submanifold. 

Take a point x G ^^,'^^'^{^ \ {7^}) ftl 7r'^^(E(7j)) and a small neighborhood U'^. 
of X in 1/ X Conf2j, {E?) so that U'^ contains exactly one intersection point. Let 
Ux = 7r'(C/^). By a suitable small deformation of 7\ {7^}, we may assume that 

(1) 7r'(x) is a Morse point of pv,j and Ux n Y?{pv,j) — 0, 

(2) 7r'(^]!,?'=^^(7 \ {7j})) is tangent to T^V . (This is possible since S(7j) is 
transversal to T^V .) 

We consider the blow-up B£{Ux, Ux H S(7j)) and consider the closure of 
X'^^'(7\{7.})n(^'-i(C/.\S(7.))) 

in Be{Ux, C/:rnS(7j)) X COTZ2°r'(K3). We denote the closure by ^r^''\l\{j3}; Ux). 
Since .^p?'^^'(7\ {7^}) is transversal to Tr'^^{T,{jj) n Ux), the closure (7 \ 

{7j}; Ux) is a smooth submanifold of Bi{Ux, Uxf^^{'jj)) x ConflTjI^'^^M'^) with bound- 
ary. On the other hand, 8^(7^) C {V - U^eti^i^fi)) x ConflTfe '''(M^) j^^g ^j^g 

closure Qj{^j;Ux) in B£{Ux,Ux n S(7j)) x Conf2j, (K'^), that is a smooth sub- 
manifold with boundary. Since Ux H S(7j) consists only of Morse points, we may 

assume that the intersection of Qj{'-fj;Ux) and (7 \ {"/j}',Ux) is transver- 

sal (even on the boundary) and forms a 1-dimensional smooth submanifold of 
B£{Ux, Ux n E(7j)) X Ccmf2fe (K^) with boundary. Now we define 

^'r\T Ux) = e,(7,; C/.) :Zr,'"'(7 \ {7.}; Ux). 
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Figure 4. 

By the assumption (2), the boundary of tt' '^'^^■f; Ux)) hes in the fiber S"^ of the 
normal sphere bundle S{T'"V) at tt'{x). Let F* denote the graph obtained from F by 
reversing the orientation of the edge labeled j. Since Ji^'^^ (7; Ux) U ^t*^ (7; Ux) 
is transversal to dB£{Ux,Ux H 2(7^)) x Conf2j, (M.^) and since on a neighbor- 
hood of S(7j) there is a symmetry between the moduli spaces (7; Ux) and 
^p* (7; JJx) due to the symmetry of the standard model of a Morse point, the 
intersection of t:' {J( p'^^ (7; Ux) U V'^ (t; Ux)) with dB£{Ux, Ux n S(7j)) consists 
of two points in Sx that are in an antipodal position by the assumption (1). Hence 
one can check that 

[F] • #a:#r'"'(7; Ux) + [F*] • #a:Zrr\7; Ux) 

= [F] (#9:#p'''(7; Ux) - #a:Zrr\7; Ux)) 

= [F] (#9:Zr'''(7; C/x) - #a:Zp '''(7; C/x)) = 

since the symmetry reverses the orientation of Qj, and the inward normal vectors 

at #d^^p'^'^^{'y]Ux) and #9^p.'^'^'(7; J7a;) are opposite. See Figure IH Hence we 
have 

= z~'^Px)~ E [r] • #^]r'(7). 

By the relation of ^2fe,3fc, the second term in the second row vanishes. This together 
with (|3.12p gives the desired identity. □ 

Next we consider general pairs of spin 4-manifolds W , W with x(W^) = x{W) = 
1 which may not be relatively spin cobordant. We choose 3-framings um and tm 
on T(M \ {00}) so that 

Pi{TW-t'm)^Pi{TW'-<j'j^,)^Q. 

Then by Lemma I3.25[ t^j extends to a 4- framing of W and cr^^ extends to a 4- 
framing of W . But in general tm may not be homotopic to gm, so we may not 
have a 4-framing oi X = WVJg (M x [0, 1]) Ug' (— VF'), namely, X may be just almost 
parallelizable. Although we do not have a framing of X, we have a natural rank 
3 (possibly nontrivial) subbundle T'^'X of TX that agrees with ptIT{M \ {00}) on 
(M \ {00}) X [0, 1], which extends those determined by ctm and tm- By choosing 
a generic section pjf e r{J^{T'"X)), one can also define ■^2fc3T'''^(/°-'f ) ^ •^2k,3k- 
By a similar argument, one can define Z^^°^^^^ (px) for any almost parallelizable, 
closed, connected, spin 4-manifold with xi-^) ~ 2. Let it2'^'^{2) denote the set of 
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spin cobordism classes of almost parallelizable, closed, connected, spin 4-manifolds 
X with x(X) — 2. By Proposition 13. 29[ the correspondence X ^2fe'3fc'^''^(A^) f'^'" 
generic px defines a well-defined map 

The set r]4P'"(2) has a group structure given by connected sum. More precisely, if 
X is an almost parallelizable, closed, connected, spin 4-manifold with x(X) = 2, 
then there is a framing on X — Z?^. If X' is another almost parallelizable, closed, 
connected, spin 4-manifold with x{^') = 2, then by forming the boundary con- 
nected sum X — t] X' — and capping by D'^ along the boundary in a natural 
way, we will obtain an almost parallelizable, closed, conneced, spin 4-manifold X" 
with x{^") = 2 that is diffeomorphic to X^X'. This defines an abelian group 
structure on fl'^'^i'^) on which the inverse of X is given by —X. 

Lemma 3.30. The map 2^2fe 3fc ^ ■ ^4^^ (2) — ^ ■^2k,3k is a group homomorphism. 

Proof. If [X] = e nf"\2), then we have = signX = ^{pi{TX), [X]) so the 
stabilization of the 4- framing on dX — D'^ induced from that of X — D'^ extends over 
D^. This implies that X is stably parallelizable. Then the proof of Proposition lX^ 
shows that Zll°^''^^{px) = for any generic px e [T [J^ {T" X))f'^ . The additivity 
of Z^"^^"^^ follows from the fact that .^2^3™''''' spin cobordism invariant, as shown 
in the proof of Proposition 13.291 and that and X^X' are spin cobordant. 

Hence Z^"^^"^"^ is a homomorhism. □ 

Proposition 3.31. Let W and W' be compact, connected, spin 4^-manifolds with 
dW — dW — M, x{W) — x{W) — 1 o.'i^d suppose that pw\m — Pw'\m- Then for 
each k > I there exists a constant pk € 'S^2k.3k such that 

Z2k°3r^^iPw) - fJ-k sign = Z^^J^''^^ (pw) - Pk signW. 
Hence Z^^"^^^^ (pw) ~ PkSignW does not depend on the choice of {W, pw) such 
that dW = M, xiW) = I, pwldM = 0Miff)- 

Proof. By Lemma I3.30[ ■^2fc'3fc^''*' ^ restriction of a homomorphism ^4^^" — )■ 
■2^2fc,3fc- So there exists a constant pk € ■^2k,3k such that 

Z2k,3k (px) = MfcSignX, 
ioT X = W Ug (M X [0, 1]) Ug> i-W). Hence 

r7 anomaly / -* \ ry anomaly / -* \ • 

■^2fe,3fc iPw)~ Z^^^^^ '{pw) = PkSignX 

= Pk sign W - Pk sign W' . 

□ 

Here is the main theorem. 
Theorem 3.32. For k > I, there is a constant pk G ^2fc,3fe such that 

Z2k,3k{f) = Z2k,3k{f) - Z^'j^°^'^^^ (pw) + Pk signH/ e £/2k,3k 

does not depend on the (generic) choices made. Thus Z2k,3k{f) is an invariant of 
diffeomorphism type of M . 
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Figure 5. Cerf's graphic 



Proof of the theorem is given in ^ Theoreni l3.32l allows us to put Z2k,3k{M) — 

Z2k3k{f)- 

Conjecture 3.33. Z2k,3k{M) is nontrivial. In particular, the sequence {Z2k,3k{M)}k 
recovers all Ohtsuki's finite type invariants /" [OhQS) ] over Q. 

Conjecture 3.34. Z2k,3kiM) agrees with the configuration space integral invariant 
of Axelrod-Singer f \AS\ ) and Kontsevich (\Ko\). 

4. Moduli space of gradient flow graphs in 1-parameter family 

4.1. Bifurcations in 1-parameter family. We shall extend the moduli spaces 
^2{f) and .^r{f) to those for 1-parameter families of functions : M — >■ R, 
s G [0,1] and metrics fig. To connect two Morse functions on a manifold in the 
space of smooth functions, 1-parameter families of Morse functions are not enough. 
The following fact is known. 

Lemma 4.1 ( fCeJ ) . Two Morse functions on a manifold can be connected by a 1- 
parameter family of smooth functions with only Morse and birth/death singularities. 

Thus, the following bifurcations, that may change the topology of moduli spaces, 
may happen finitely many times in a generic 1-parameter family. 

(1) Level exchange point, i.e., the point where the order of the critical values 
changes. 

(2) Birth/death point. 

(3) Gradient i/i-intersection point, i.e., a point where a descending manifold 
and an ascending manifold of the same index i intersect transversally. 

We may assume that no two different bifurcations overlap on a single time. In the 
following, we will call such a 1-parameter family a generic 1-parameter family. 

It is convenient to represent bifurcations in a 1-parameter family by the graph 
of critical values, equipped with the information of gradient i/z-intersections. See 
Figure [5] for an example. Such a diagram is called a graphic f jCej ). In a graphic, 
a level exchange point corresponds to a crossing of two curves, a gradient i/i- 
intersection between a pair of critical points is represented by a dotted arrow, and 
a birth/death point corresponds to beaks. 

4.2. Acyclicity in 1-parameter family. When we associated an acyclic chain 
complex C*-*-* to a Morse function /,; : A/ R in ^3.1[ we have chosen a pair 
{ai,bi) e Pf' X Pg'' of critical points. We show that two such choices can be 
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connected by a pair of connected critical point loci in a generic 1-parameter family 
of functions. 

Let /o, /i : M — >■ R be two C Morse functions and take pairs {ao, bo) € Pj^-* x 
Pq^\ (ai,6i) e X Pq^'* of critical points of /o,/i respectively. 

Lemma 4.2. There is a generic 1-parameter family of functions {/s}se[o,i] on 
M, considered as a single C^-map M x [0, 1] — ?• M, such that 

(1) fs'.Mx {s} M has only Morse or birth/death singularities for each s, 

(2) there are critical point loci a{s) and b{s) in M x [0, 1] for {fs} that are 
nondegenerate on every fiber M X {s}, with pi^ oa(0) = ao, pi-^ oa(l) = ai, 
pr^ o 6(0) = bo, pr^ o 6(1) = 6i . 

Thus we may assume the acyclicity through a generic 1-parameter family. 

Proof. One can raise the level of a neighborhood of ao freely so that the level of 
oo is higher than other critical values of /q. Similarly, one can lower the level of a 

neighborhood of 6o so that the level of 6o is lower than other critical values of /o. 
For a small number £ > 0, we define /g in < s < e as a 1-parameter family that 
gives the rising of ao and the falling of 6o. 

We also do the same for (ai,6i), i.e., we define /s in 1 — e < s < 1 as a 1- 
parameter family that gives the rising of ai and the falling of 6i as s decreases. Here 
we may assume that /e(ao) = /i_e(ai) and /£(6o) = fi-e{bi). We put Ca = fs{ao), 
Cb = fs{bo), M' = f~'^[cb + e', Ca - e'] and M" = fi-e[cb + s', - e'] for a small 
number e' > 0. Take smooth sections ja, 75 : [e, 1 — e] — >■ M x [e, 1 — e] with disjoint 
images and their fiberwisc tubular neighborhoods N{ja) and N{'jh), so that 

(Nha) U iV(76)) n (M X {e}) = M - M', 
{N{ja) U N{jb)) n (M X {1 - £}) = M - M". 
Then one can find a family of C" functions 

fl:{Mx {s}) \ (A^(7a) U iV(76)) ^R, sG{e,l-e] 

such that 

(1) /e = fe\M' and = fl-e\M", 

(2) is nonsingular on the boundary, 

(3) /' takes the maximum value Ca — e' on d+{M x {s}) := dN{'ya) n (M x {s}) 
and f-^{ca - e') = 5+(M x {s}), 

(4) takes the minimum value C(, + e' on d- (M x {s}) := dN{'jb) n (M x {s}) 

and f'-Hch + e') = d^{M x {s}), 

(5) /', has only Morse or birth/death singularities. 

Now the existence of the extension of on VV(7a) U ^iln) so that the result is as 
desired, is straightforward. □ 

4.3. Moduli space in 1-parameter family and transversality. Let J = 

[so,Si] be a closed interval in [0,1]. For a generic 1-parameter family = (/«, /2, ■ • ■ , /m)i 
s G J, the moduli space ./#r(/s) is defined similarly as ^r{f) by replacing /i in the 
definition of ^r{f) with fg if s is generic. Note that if /3(1) S Se(r), then ./#r(/s) 
is defined only on the complement of birth/death parameters in J, since the set of 
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critical points changes at birth/death parameters. For graphs F with the dimension 
of the moduU space being negative (see the formula of Proposition l3.4l) . the moduli 
space ^vifs) is empty at a generic parameter s, but we will see that ^rifs) may 
be non-empty at finitely many non-generic parameters in J if dim^r(/s) = ^1- 

We check the transversality on the moduli space ^rifs), considered as the 
intersection, only for the graph F of Example 13.21 since other cases are similar. We 
fix the underlying sequence C of acyclic complexes for the graph as the restriction at 
s = So of the family of acyclic Morse complexes obtained in !j4.2l Suppose that J = 
[so, si] does not include birth/death parameters and that fso = {fsai f2i • • • , /e) S 
(C"'(Af))^ is generic in the sense of Proposition 13.41 We decompose F into two 
parts: 




The moduh space ^r„{f"), f" ^ {f^,..., /g), is given by 

■^r"(r)=Pri°*;7'(A"), 
where $^7, : Conf4(M) x M^^ ^ is defined by 

^fl,{xi,X2,X3,X4:,t2, . . . ,^6) 

= Xi X {X2,<f%{xi)) X {X3,<S>'1{XI),^%{X2)) X {Xi,^%{x2),<^>%{x3)), 

and A" = {xi x {x2,X2) x (cca, xa, cca) x {x4,X4,X4) ; xi,X2,X3,X4 G M}. The 
genericity of fsg implies that ^r"{f") is a smooth submanifold of Conf4(M) of 
dimension {Ad + A) + Ad — 9d = 5 ~ d. On the other hand, the moduli space 
•^r'if.]) = Use,/ -^T'ifs) is given by the {d + rii + l)-dimensional manifold 

■^T'Uj) = [j{%{Is) X s^qifs)) C Conf2(Af) X J. 

Then we have 

^r(/j) = ^^liJ^T'ifs)) n {J^r"{f") X J), 
where 7ri4 : Conf4(Af)x J — > Conf2(M) x J is the projection defined by (xi, 0:2, X3, X4, 
(xi, X4, s). By the transversality theorem, we may assume after a suitable small de- 
formation of the family {(/s, /is)}se j that the intersection is transversal, and hence 
^r(/j) = Use./ '^r(/s) is a smooth submanifold of dimension 

(d + r;i + 1 + 2d) + (5 - d + 1) - (4d + 1) = 6 + 771 - 2d. 

The deformation can be chosen so small that it does not affect the genericity of /q. 
More generally, we have the following proposition. 

Proposition 4.3. Suppose that F €E 'Sn,m,ff{C) has no bivalent vertex. For a 
generic choice of a 1 -parameter family {{fs, fls)}seJ , the .space ^r(/j) is an ori- 
ented smooth manifold of dimension 

m 

dim^r(/j) = d{n — m) + rji + 1. 
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4.4. Compactification of the moduli space of trajectories in 1-parameter 
family of Morse functions. We construct a compactification of tlic moduli space 
■^2(/j) = Usej -^2{fs), wfiere J C [0, 1] is an open interval that does not include 
birth/death parameters, i.e., fj is a 1-parameter family of Morse functions. 

AAA. Moduli space on a level exchange point. In the construction of ^2(/) (in 
ii3.3.2p . we assumed that the critical values of / are all distinct. However, in 1- 
parameter family, the loci of critical values can not in general be ordered because 
of crossings of curves in a graphic. Instead, we consider the moduli space of "semi- 
short" trajectories that are close to an exchanging pair of critical point loci. 

Let u € J he a point on which a level exchange bifurcation occurs and choose 
a small neighborhood J„ of u in J so that there are no other bifurcations on J„. 
We shall construct a compactification of ^2(/j„)- Let p — ps^q = Qs he the pair 
of critical point loci of fj^ = {/s}se./u that are in a level exchange position. Then 
there exists a smooth functions 7a , 76 : J„ K such that 

(1) fs{Ps)Js{qs) e (7a(s),76(s)) for aU s e J„, 

(2) for each s S J„, there are no critical points of fg in fr^[lais),jb{s)] except 
Ps and Qs. 

We put - U.ej„ f^Hlais)), L, = U.6,7„ f^'Ms)), - f-'ba{s),lb{s)], 

Wpq = [j,eJ^Wpg{s). Let 

Kp= [j Us) u < (/.)) n Wj,q{s), 
(/.) u < (/,)) n Wp,{s). 

seJu 

We take small neighborhoods Bp and Bq of Kp n Lf, and Kq n Lb in Lf, respectively. 
Let Ap C La he the union of Kp n La and the subset of La consisting of points 
(s,^) such that £ — ^'^^ (x) for some t > and for a point x G BpD Lp{s). In other 
words, Ap be the union of Kp D La and the image of the negative gradient flow from 
Bp n Lb. The subset Aq of La is similarly defined. 

Since Kp D Kq = 0, we may assume that any trajectory starting from Bp are 
disjoint from trajectories starting from Bq. Thus we have 

.^2{fj^;Bp,La) = ^2{fj^;Bp,Ap), ^2{fj^;Bq,La) ^ .^2{f.J^; Bq, Aq) 

and in particular, the two moduli spaces are disjoint as subspaces of ^2(/ju ; Lf;, La). 
Since each of ^2 {fj^ ', Bp, Ap) and ^2 (fj^ ]Bp,Ap) has only one end for broken tra- 
jectories, the compactifications 

:#2(/j„;5p,Ip), :Z2(/j„;S,,I,) 

can be defined in a similar way as t|3.3l (using parameterized Morse lemma |Ig2[ 
Appendix]). So it may be natural to define 

^2(/j„; -Bp, La) = Z^2{f.}J,Bp, Ap), 
^2{fj^]Bq,La) = ^2{fj^;Bq,Aq). 
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Then we construct an extension of ^2(/j„; Bp,La)]J -^2{fj^',Bq, La) to ^2(/j„; i&, La) 
as follows. Let X C Li, he an open subset such that 

(1) XUBpUBg^ Zf,^ 

(2) xnKp = ^li, xnKq = 0. 

Then the negative gradient flow carries X diffeomorphically onto an open subset Y 
o{ La- Obviously, Y satisfies the following conditions: 

(f ) YuApUAg^ La,^ 

(2) Yr]Kp = ?),XnKg = 0. 

Since there are no ends in ./#2 (/,/„; X, Y) for broken trajectories, we define 
1^2 (/./„ ;X,Lh) = ^2 ; 1, Zb) = ^2 (/./„ ;X,Y). 

Now we define 

Z£2 if. J,, ■Xb,La)^^2 if.K ■,Bp,La)^:^2{fj^;X,La)U :^2 {fj^ \Bg,La). 

where they are glued along ^2(/j„ \Bp{^ X,La) and ^2(/j„ ',Bq{^X,La) via the 
inclusions. The compactifications .^2(/,7„ ; -^6, W^pg), -^2{fj^\Wpq,La) etc. can 
be constructed by a similar gluing construction from moduli spaces of trajectories 
around a single critical point locus. 

Over the interval J^, we may assume that critical point loci except p and q are 
ordered, and after a suitable small deformation of the family of Morse pairs that 
does not change the graphic, we may assume that is Morse-Smale for all 

s G Js . So similar extensions as in !j3.3l works for other critical point loci and we 
will finally get a compactification 

3#2(/jJ = :^2(/j„; Jn X Af, J„ X M). 

By the same construction at all the level exchange points mi, W2, • ■ • , € Ju, we 
will obtain a compactification on IJ^^i Juj ■ 

4.4.2. Moduli space on ordered 1-parameter family. We would like to extend the 
compactifications of moduli spaces on IJj=i , obtained in ii4.4.f [ over the whole 
of J. We assume ui < W2 < • • • < Ur. Let Ij C J, j = 0, f , 2, . . . , r be a sequence of 
mutually disjoint open intervals such that 

(1) u;=o^ uu;=iA, = J, 

(2) (lj;=o^)nW,...,u.} = 0, 

(3) Ij C 

See FigurelH We shall construct a compactification ^2{fij) of ^2{fij) connecting 
^2(/j„^. ) and 1^2 (/j„^.^, )■ 

Over each /j, the critical values are ordered everywhere, so we can separate crit- 
ical point loci into small pieces by families of level surfaces. We already have a 
compactification on each piece which includes only one critical point locus. How- 
ever, there is a problem in making the intersection between two moduli spaces as 
in Lemma 13. 8[ because an analogue of the Morse-Smale condition for 1-parameter 
family, which requires the Morse-Smale condition on each fiber, fails. Instead, we 
consider as follows: Although we can not require fiberwise Morse-Smale condition, 
we can require the transversality between a family of descending manifolds and a 
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/o h h 

iii 

Figure 6. 

family of ascending manifolds. This requirement suffices for the moduli space to be 
a smooth submanifold of a fiber bundle over Ij (with fiber Conf2(M)), though it 
may not be a subbundle. See §3.1 of jWa| for detail. 

Let £/p{fi^) = Use/, ■s^pAfs) and %{fi^) = U^e/, %s{fs)- By changing the 
1-parameter family {/isj^g/^ of metrics on M over Ij, one can show by a similar 
argument as the proof of the genericity of Morse-Smale condition, that generically 
£^p{fi.ys and &q{fi.ys intersect mutually transversal in the trivial M-bundle over 
Ij. Thus we will get the following proposition, which is an analogue of Proposi- 
tion [331 

Proposition 4.4. For a generic 1-parameter family, ./#2(//j) has a canonical com- 
pactification ^2{fij) to a smooth manifold with corners, whose codimension k stra- 
tum consists of families of k times broken trajectories. Hence we have a canonical 
compactification ^2{fj) of ^2{fj) over J . 

By using the compactification ^2{fj), one can also define the compactification 
^r{fj) of ^r(/j)- Then we have the following corollary. 

Corollary 4.5. IfT does not have bivalent vertices, then on a neighborhood of the 
strata of codimension < 1, ^r{fj) is a smooth manifold with boundary, that is 
a smooth submanifold of J x Conf„(Af) with boundary. The boundary consists of 
flows with a broken trajectory or with a .subgraph collapsed. 

4.5. Gluing at birth/death bifurcation. Let sq G [0,1] be a death parameter 
in a generic 1-parameter family and let Js^ C [0, 1] be a small open interval around 
Sq. Let V Cz M he the death point at sq. By the parametrized normal form lemma 
for birth/death singularity (e.g., |Ig2[ Appendix], |Ce| ). there is a local coordinate 
on a neighborhood My of v in Js^ x M on which fs agrees with 

rv»3 /yi2 /^^2 ^2 

hy{x) = c{u) + ^+ux^-^ ^ + ^ + ... + 51, ueR, 

where m is a rescaling of s and c{u) is a smooth function of u, and one can deform 
the metric on M„ so that it agrees on My with the restriction of the standard metric 
on K.'^. The negative gradient field of hu with respect to the standard metric is 

-grad/i„ = {-xl - u,X2, ...,Xi, ~Xi+i, -Xd). 

So, on u > 0, there are no critical points of At u = 0, there is only one 
critical point at the origin, and on m < 0, there are exactly two critical points 
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p± = (i-^u, 0, . . . , 0) of hu- We shall describe how a pair of trajectories going 
from/to critical points of on u < are glued together into a single trajectory on 
M > 0. 

4.5.1. Gradient trajectories of hu, u > case. The integral curve 7 : R — > M"^, 
7(i) = (7i(i), . . . , 7c;(t)) of — grad/i„ is determined by the system of differential 
equations: 

j^'j at at at 

dt ^ ~7»+i(rj, ■ • • , = -W), 

for each given initial point (71(0), . . . , 7^(0)). In m > 0, the solution of (|4.ip is given 

by 

^1 W = Ji^nu. If ' = 72 e*, . . . , 7, i = 7, e*, 
y/u + 71 (0) tan y/U t 

7,+i(t) = 7«+i(0)e-*, . . . , 7d(0 = 7rf(0)e-*. 
For a small number e > 0, let and i_£ be the subsets of M.'^ given by 
Le = {(e, a;2, . . . , Xd) ; 2:2, • • ■ , a;<i G R}, 
L-e 2^2, • ■ • , a^d) ; a;2, . . . , e M}. 

Since — gradj-g .^^.....aj^) = {—u, X2, . . . ,Xi, — x^+i, . . . , —Xd), one may see that any 
trajectory of /i„ in u > and in My intersects both and L^^. Conversely, for 
any point a of H My (resp. L_£ H My), there exists a unique (shift equivalence 
class of) gradient trajectory of hy which intersects n My (resp. L^e n My) at 
a. So there is a one-to-one correspondence between a point on or L^^ and a 
gradient trajectory of hu- 

Now suppose that an integral curve 7(t) of — gradft.„ starts at a point of L^. We 
shall describe the point Im7 n L-^. If jit-e) G i-e at t^^ > 0, then by (14. ip . 

i-. = - / ^ = ^Tan-i— = -(Tan-^^^ + 



x^ + u -^w V u — 

for < u < e^. We put Te{u) = ^(^Tan~^^^ + tt^ for simplicity. Then t^(u) 
has the following expansion (convergent on < u < e^): 



00 

(4.2) ^^(^) = ^_2^ 



(-1)'= 



U ^ (2/c l)£2fe+l 



The point 7(i_£) can be expressed by using t^(u) as follows. 

7(t-e) - (-£,72(0)e^^("), . . . ,7.(0)e^^(^),7.+i(0)e"^^("\ • • . , 7d(0)e-^^("0 . 

If we put £2 = 72(0)e^-("), . = 7,(0)e"'("), e,+i - 7^+1 (0), • ■ • ,£d = 7d(0), then 
the integral curve starting at the point 

(4.3) (e,e2e-^=("),...,£,e-^-("),£,+i,...,£d) e L, 
intersects L_e at the point 

(4.4) (-£, £2, . . . , £„ £.+ie-^=("\ . . . , £de-^'(")) £ 
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This observation suggests a way to glue trajectories. 

4.5.2. Gradient trajectories of /i„ going from/to critical points, u < case. In 
M < 0, the ascending/descending manifolds of hu are described as follows. See 
Figure [T] 

(K) = {x2 = ■ ■ ■ = Xi =^ 0,xi > -^/u}, %^ {hu) = {xi+1 = ■ ■ ■ = Xd = 0,xi = Vu}, 
(hu) = {a;2 = • • • = = 0, = -Vu}, %_ [hu] = {xi+i = • • • = = 0, xi < a/u}. 
Hence 

L,n£/p^{K) = {(£,0,...,0, £,+!,..., Ed) e R''; £,+i,...,£d e R}, 

(4.5) 



L-,n%_{K) = {(-£,£2,...,£»,0,...,0) e R"; £2,...,£^ e R}. 

One may check that this holds also for u = 0, in which case — P- — v. 
4.5.3. Gluing at u = 0. We define a map 

if : (-£^£^) X R'^-^ -> (-£^£^) X R'^^^ x K''-i 

by 

{M X (e2e-^-("), . . . ,£ie~''-("),£j+i, . . . ,£d) 
x(£2,...,£j,£i+ie"^^("',...,£de"''^(")), if u > 

MX (O, . . . ,0,£i+i, . . . ,£<i) X (£2, . . . ,£i,0, . . . ,0), if u < 

We consider the space of gradient trajectories of or pairs of gradient trajectories 
of hu intersecting both and as a subspace of x L_e. By (|4.5p . the 

part (^((—£^,0] x R''"^) is the space of pairs (7p+ (i): 7p- (0) of integral curves of 
—gi&dhu satisfying the conditions 

7p+(i) =P+, 7p+(0) e ie, 

^^■^^ lini 7p-(i)-P-, 7p-(0)ei-e. 

On the other hand, by and (031), the part ipiiO,e'^) x R''"!) is the space of 

negative gradient trajectories of w > 0, near the origin. 
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Figure 8. The image of (p (in the ue2S2-spa,ce) . Example of c? = 2 
case : (f{u; £2) = w x (e, £2) x (— £, £2e^'^=(")). 






W<0 M=0 M>0 

Figure 9. Gluing of trajectories. d = 3 case. 



Proposition 4.6. The map Lp is smooth and is an embedding. Hence any smooth 
path ^ on luiif that goes from u < to u — with non- degenerate tangent 
on To(— £^,£^) has a smooth extension on u > part. In other words, a pair 
(7p^ (t), 7p_ (<)) of integral curves 0/— grad/i„ as |^.6p above are glued together at 
u — into a single trajectory if the pair goes along the path ^ (as in Figure\^. 



For the proof of Proposition 14. 6i we need two lemmas 



Lemma 4.7. There exist series Pn{u),Qn{u) £ R[[u]][^/u], n>Q, that are well- 
defined as C°° differ entiable functions on (0,£^) such that 



du" Pn{u) 

lim Pn{u) = lim Qn{u) = 0. 
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Proof. We prove the lemma by induction on n. The case n = is obvious. Suppose 
the assertion holds true for n. Then we have 



(4.7) 



^/m(2u2 + 2e2u)p„(u) 

/III ({2u + 2e2)!^^ _ 2e)7r"e2" + ^^2u - 2e^)uQ'^[u) 



iiP'(ii) 1 



+ f (-W - £2)Tan-i^^ + i-TTU - 7r£2)\7r"£2" 
I w — J 

+ - £^)Q„(u)Tan~ \ + (-ttu - 7re2)Q„(u) 



tt — e 

By (|4.2p . one may see that 



lim Tan-i^^ = 0, lim uQ'Ju) = 0, lim ^^^^^ < oo. 
This implies that the right hand side of (|4.7p is of the form 

V^(2w2 + 2e%)P„(M) 

for some C°° differentiable function Q„+i(m) G R[[u]][-yu] with lim„_j.o Qri+i(w) = 
that is well-defined on (OjE^). The proof completes if we put P„+i(ii) = ^Ju{2v? + 
2e^u)Pn{u). □ 



Lemma 4.8. For all n>Q, 



lim — e-^^(") = 0. 



Proof. Since lim„_j.o (Qn (w) + 7r"e ) = 7r"e , it suffices to show that 
lim „ . . = lim exp(-Te(w) - logP„(u)) = 0. 

«-»-0 Pn\U) M->0 

The assertion follows if we show that lim„^o {—t^{u) — \ogPn{u)) = —oo. 
We put Sn{u) — —Te{u) — logP„(u). Then we have 

u^O ' «->oV 0I(2u + 2£2) p„(u) 

= CX) 

and hence limu_>o — cxd. So we must have lim„_>.o = — cx3. □ 

We put 

, , r e-^-(") if u > 
'^^("^^ if^.<0 
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Then Lemma [48] shows that (Je{u) is C°° differentiable. 

Proof of Proposition The map if can be rewritten as 

f(u;e2, . . . ,£d) = u X {e2cr^{u), . . . ,eias(u),ei+i, ...,ed) 

X (e2, ■ • ■ ,ei,ei+iaeiu), . . . , £<jo-e(M))- 

This shows that (p is C°° differentiable. That the Jacobian matrix has full rank is 
obvious from the definition oi ip on u < 0. Hence ip is an embedding. □ 

Recall that sq £ [0, 1] is a death parameter. Let {pi,qi) be the pair of critical 
points of fsa-e' for sufficiently small number e' > 0, such that d(pi) = d{qi) + f = 
i + 1 and such that they are eliminated on s > sq after passing through the death 
point V. Let r(pi,gi)i G 'i^n,m{Cs„-e>) be a graph with no bivalent vertices and 
let r(0,0)i G ^n,m((?so±e') the graph obtained from T{pi,qi)i by replacing the 
edge (3{1) with a compact edge. 

If d = 3 and if 3n = 2m, then by Proposition 13.41 dim.^r(/s) = for F G 
'^n,m{C). Since the moduli space is oriented, the number ^^r(/s) can be counted 
with signs. 

Corollary 4.9. Suppose d ~ 3 and 3n — 2m. The embedding ip induces a smooth 

cobordism between ^r(0,0)i (/Io+£') '"^'^ -'^r(pi,gi)i (/lo-e') U -'^r(0,0)i (Ao-e')- 
Hence we have 

#^r(0,0)i(/so+£') = #'^r(pi,gi)i(/so-e') + #-^r(0,0)i (/so-e' ) • 

4.6. Orientation in 1-parameter family. For a graph F G '^2k,3kiC), we con- 
sider the orientation of d^r{fj) induced from o*(^r(/j)). 
Choose a number k in I < k < m and put 

Hj = Jx Hj, Qj = J X Oj C J X Conf2fe(M), 

g _ r ni|.|^^.nn7=,+ie, ifi<fc<a 



Then 



codimEfc = codim.y#r(/.7) ~ codimiJ^ 

— [dn + 1 — d{n — m) — to — 1) — (d + 77^) 
= (d- l)(™+l)-2d+l-?;fc =0 (mod 2) 

Let X be a graph obtained from F with one edge replaced by a broken edge so that 
^x{f,j) is 0-dimensional. Suppose for simplicity that separated edges of F are 
labeled 1, 2, . . . , a. We shall describe the orientation of the face ,5^x of d.^r{fj) 
corresponding to X, induced from the standard orientation of ^r(/j). We define 
the standard orientation of ^r{fj) by the formula 

a m 
j = l j=a+l 
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Pk 



(1) X 



For J^x{!j) to be O-dimensional, d(r/c) = — 1 or 



'^(''fe) = d{pk)- The same statement as Lemma [3 . 1 51 holds true even if S>p{f) 
is replaced with a 1-parameter family of descending manifolds of p. The 
orientation of ^rk-^vifj) induced from the standard one 

is given by 



o*{J^{fk:Pk,rk)) A o*{%.,{h)) A o*KJA)) A o*{^k) 



o*(^(/fe;Pfe,rfe))Ao*(^r'(/j)) 
ees A 



This agrees with the standard orientation o*(^r(/j))- 



For ^x{fj) to be O-dimensional, d(sfc) = + 1 



or d(sfc) = d{qk). If ■s^qif) in the statement of Lemma [3T6] is replaced 
with a 1-parameter family of ascending manifolds of q, then the induced 
orientation would be 

since the sign in the formula becomes Thus, 

the orientation of ^sk-^v{f.j) induced from the standard one 

o*(^r(/j)) = o*{^k) A o*{%,{h)) A o*K.(/;c)) 
is given by 

A o*{%,{h)) A o*K,(/fe)) A o*(^(/fc;sfe,(Zfc)) 
= (^p^ (/,)) A o* (/fc)) A o* (sI) A o* 

= (-l)'i(^'=)-<ife)-io*(^p,(/)) A o*(.^(/fe;sfe,ft)). 

This differs from the standard orientation by = 

(3) X = '^'^^ induced orientation on the boundary is as in Lemma r3.17[ 

which agrees with —1 of the standard orientation 



5. Proof of main theorem 

5.1. Invariance on ordered 1-parameter family without i/i-intersections. 

Lemma 5.1. Suppose that {/s} is ordered and has no i/i-intersections over J = 
[sojSi]. Then 
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Proof. By Corollary 14.51 and the observation of M.6\ we have 
as oriented manifolds. Hence by Lemmas 13.201 and 13.211 we have 

#:^r(/sj-#:^r(/so) 

(5.1) ^ r #:Z(d+rf,)r(/7) if E{r) ^ Comp(r) 

1 if:^id+d')r{fj) + #:^r""(-gradoJ Vj) if E{r) = Comp(r) 

If r in the formula (|5.ip is replaced with TTg(j2k,3k), then the right hand side of 
(15. ip becomes 

^anomaly / -3 f \ 
^2fe,3fe U JJ)- 

For the correction terms of Z2k,3kifso) and Z2k,3k{fsi), we may choose the same 
spin 4-manifold W. Then we choose generic sections pw and p'^r of {J^{T'"W))^ 
for the correction terms of ^2fe,3fc(/so) and ^2fc,3fe(/si) respectively, as in ^^3. 10.31 
Then by the proof of Proposition 13.291 we have 

Z—^'iffj) - Z~'^Pw) + Z~'^P^) = 0. 
This completes the proof. □ 

5.2. Invariance at level exchange point. 

Lemma 5.2. Suppose that sq J is a level exchange point for the 1-parameter 
family {fs}se.j- Then 

Z2k,3k{fso~e) — ^2fc,3/c (/so+e) • 

The proof is the same as Lemma [5Tl 

5.3. Invariance at birth/death point. We say that a birth/death point v in 
a 1-parameter family {(/s, /is)}sg[o,i]: say at s = Sqi is almost independent if on a 
neighborhood of sq in [0,1] the descending and ascending manifolds of v are disjoint 
from all the other descending and ascending manifolds of critical points except those 
of the pair (a(s), b{s)) chosen in Lemma [4.21 

Lemma 5.3 ( |HW) . page 62). A 1-parameter family {(/s, /^s)}se[o,i] of pairs of 
generalized Morse functions and metrics on M can be deformed so that every 
birth/death points are almost independent. 

Lemma 5.4. Suppose that sq Cz J is a parameter on which an almost independent 
birth/death point v occurs. Then 

Z2k,3k{fsQ-e) — ^2fc,3fc(/so+e)- 

Proof. We prove the lemma only for death point since the case of birth point is 
symmetric. If (p, q) is the critical point pair aX s = sq — e that disappears on 
s > So, then the Morse complex dX s ~ sq — e is the direct sum ci*"'*'^'' ® Cf'^"^, 
where ci'*"^'^' — (Ci''°^'^\ 9'*°+^^) is the reduced Morse complex a.t s — sq + e and 
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Choose a combinatorial propagator g of ci'^"^^^ The acychc complex (7°'°™ has 
a unique combinatorial propagator 17'''°™, defined by g°^''™{q) = p. We consider g 
and as homogeneous degree 1 maps of Ci'"'^'^-' ® C°'''™ by setting giCf°™) = 
and ^'''^'""(ci'*"^^'') = 0. Then one can check that g' — g + g''^°™ is a combinatorial 
propagator for ® C,°'°'". 

We need only to check the identity of the lemma in the case where a gluing of 
trajectories happens at v. Suppose that the separated edge labeled by fc in a graph 
flow of r{p, q)k & ^^2/c,3fe((5''*°~^') converges to a broken edge as s — > sq and that p 
and q converges to v. Then by CoroUarv 14.91 we have 

Tr... [[Tip, q)k]] ■ #:#r(p,,), (fso-e) + T^... ,3.,.. [[r(0, 0)^]] • #:#r(0.0). ifso-e) 

= S ... [[r(0, 0)fe]] (#:Zrfe,), (/.o-e) + €^Vim. (Ao-e)) 

= Tt... [[r(0, 0)fe]] • #:Zr(0,0), 

The proof of the invariance of the other terms in Z2k.3k{fso-s) is the same as 
Lemma l5. II and 15.21 since v is almost independent. □ 



5.4. Invariance at i/i-intersection point. Suppose that a gradient i /i-intersection 
between critical points (loci) p and q occurs at s — sq. For a small number 
e > 0, the underlying Z-modules of ci'*""^'' and ci^"^^^ are the same. We put 
J = [so -s,so+ e], Ci'^ = ci'°-''> = Ci'"+''^ and P^^ = Pi^""^' = Pi'°+'\ Let 

mor 

critical point (locus) a G P- '^^ by 



h : ci'^^ ^ be the homomorphism of homogeneous degree 0, defined for each 



^ (/j; a, 6) = ^ (/j; a, b) &\ La, 

^{fj;a,b) = ^a{fj)(h^{fj). 

We denote the boundary operators of ci""^^'' and ci^°^^^ by 9 and d' respectively. 

Lemma 5.5. Under the assumption above, we have 

d' -d = d'h-hd = dh - hd', 

or equivalently, d'{l — h) — {1 — h)d and d{l + /i) = (1 + h)d' . 

More explicitly, if p, g G P^^ and if r € Pi^l is any other critical point of index 
i + 1, then it follows from Lemma 15.51 that 



h{x) 



±q ii X = p 
otherwise 



and that the difference of d' and d is given by 

{d'p — dp±dq 
d'r = dr ^ drp ■ q = dr ^ d'^^ 
d'q = dq 

In particular, we have — 0. 
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Proof of Lemma \5.5\ We know from Corollary |43] what happens at sq, so it suffices 
to check that the signs are correct. We may assume without loss of generality that 
only the ascending manifold of q changes as s moves within J if e is small enough. 
So we may replace the problem with the intersection orientations in a single fiber in 
which the ascending manifold of q moves around, depending on a parameter s <E J . 

There is a small neighborhood of ^p^2{fj]r,q) = ^{fsg;r,p) x ^{fj;p,q) 
that is a subspace of Ua x Lp for some small open ball Ua in a Morse model Mp 
around p (for the quadratic form —Xi ~ ■ ■ ■ — xf + xf^i + • • • + x^). By an analogue 
of Lemma 13.161 the normal orientation o* (^2{fj',T,Q)){x.x') i^,^') Ua ^ Lp 
induces an orientation 

o*(^,(/,J),A(-l)'^(^')-('^(«)+i)o*K(/,J),Ao*(^(/j;p,<j)),, 

(5.3) 

= -o*{^{fs,;r,p))x Ao*{^{fj;p,q))x' 

on the space of (partially parametrized) broken trajectories. We assume without 
loss of generality that UaHUp 7^ and that the points x and (0, . . . , 0, ^/e) € Mp lie 
on the same gradient trajectory. Since o*{^{fj;p,q))x' is a d-form, o*{L'p)x — dxd 
and o*{Up x IR'')(j. .j./-, = *L[-^)dxi A • • • A dxd A dx[ A • • • A dx'^ = {-lYdxd, the 
orientation (|5.3p induces the following orientation on the intersection with L'pX Lp: 

~ o*[^{fso\r,p))x A o*{^{fj;p,q))^, A {-ifdxa 

, , = -o*{^{fso;r,p))x /\dxdAo*(^{fj;p,q))x' 

(5.4) 

= -o*{^{fso-:r,p))x A o*{.£{fj]p,q))x' 

= -o*{^{fs„-e;r,p))x A o*{^{fj;p,q))x' 

This gives the sign of the incidence coefficient of q in hd{r). 

Similarly, for a critical point r' of index «— 1, a small neighborhood of ^q^2{fj',Pi f') = 
^{f,j;p, q) X ^{fsa ;?,''') can be considered as a subspace of L'^ x Ua for some small 
open ball Ua in a Morse model Mq around q (for the quadratic form —x\ — ---~ 
X? + xfj^i + ■ ■ • + x^). Then by an analogue of Lemma |3.15[ the normal orientation 
o*(^2(/j;?3, ?''))(a;,2:') i^T^') ^ ^ Ua induccs an orientation 

0* {.£{fj ■,p,q))xAo*{^g{fs„))x' AO* (/,„ ) ),, 

(5.5) 

= o* (^ (/j; p, (7))a; A o* (^ (/so ; <?, r'))x' 

on the space of (partially parametrized) broken trajectories. We assume without 
loss of generality that Ua r\ Lq ^ ^ and that the points x' and {y/e, 0, . . . , 0) e Mq 
lie on the same gradient trajectory. Since o*{Lq)x' = o*{M.'^ x Lq)^j. ,ci) ~ —dx'i, 
()5.5p induces the following orientation on the intersection with L'^x Lq-. 

a* {J({fj\p,q))x A 0* ifsa ; g, r'))^' A {-dx[) 

(5.6) = 0* i^ifj;p,q))x A o* i^{fs,;q,r'))x' 

= a* {^{fj;p,q))x A a* { fso+e; q,r'))x' 

This gives the sign of the incidence coefficient of r' in d'h{p). 

The induced orientations (|5.4p and (|5.6I) give the desired identities d — d' — hd + 
d'h = and a - 9' - hd' + dh = 0. □ 
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i(so-e) 



Choose a combinatorial propagator g for (C* " ^ , 9). Then one can check that 
the endomorphism 



g' ^{l-h)ogo{l + h)e Endi(d'°+''^) 



is a combinatorial propag ator for {ci"°^'\d'). One can check that hgh = and 
hence 



g' - gh- hg. 



We put C = (C^-"\d'\...,d'"^) and C' = (C^+^\ Cp\ • ■ • , d"^ We 
define the operator d" : '^n,rn,ij{C) %i,r,i~i,d"fi{C) by I]eeSc(r) '^e ' where 



and or(der) is the induced one. The reason for the sign has been explained in §4.61 

Lemma 5.6. Suppose that £ J is a point on which a gradient i / i-inter section 
between critical points (loci) p and q occurs in a 1-parameter family {{fs,l^s)}seJ- 
Then 

■^2fe,3fc(/so-e) = ■^2fc,3fc(/so+e)- 

Proof. As oriented manifolds, we may assume that 



r(/j) = -^r(/so+e)lJ^r(4-e)lJ^d"r(/j) 



if e is small enough. Hence we have 



#^r(/.o+e) - #^r(/.o-e) - #^d"T{fj) = 0. 
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We put 5 = (g, 52, ■ • ■ , gni) and g' = {g' , 32, ■ ■ • , ffm). We have 

r6%fc,3fc(c) re<^2fc,3fc(C') 

= J2Trs' [[T]] ■ (#:£r{fs,-e) + #^d"r{f.j)) 'Y'^^M ■ #:^r(4-e) 
r r 

= ^TVg,_<,,... [[r]] • #:Zr(4-e) + E T^s' [[r]] • #^d"T{h) 

T T 

r r 
= Tr3....[ E E Pbi,'?:)!] • #^(r*/i-h*r)(pi,qi)i(/7) 

+ Trg'[ E E • #^<i"r(pi,gi)i(/j) 

= E E Tv_g^...[[r(pi,gi)i]] • #^<j/,r(pi.gi)i(/j) 

Pi, 91 r(pi,qi)i 

= E E Trg,,_,,g,...[[r(pi,gi)i]]-#^d"r(pi,9i)i(/j) 

Pl,9l r(pi,qi)i 

= -E E Trg^...[[r(pi,gi)i]]-#^d"d"r(pi,?i)i(/j) 
Pl:?! r(pi,(}i)i 

= 

since ft,^ = and hgh = 0. This completes the proof. □ 

Proof of Theorem ] 3. 321 Lemmas 15. 11 15.21 15.41 15.61 show that ^2fe,3fe(/s) is invariant 
under aU possible bifurcations listed in This completes the proof. □ 

Appendix A. Orientations on manifolds and their intersections 

A.l. Orientation on a manifold. For a c?-dimensional orientable manifold M, 
we will represent an orientation on M by a nowhere vanishing d-form of rijj^(M) 
and denote by o(M). If M is a submanifold of an oriented d'-dimensional manifold 
A'', then we define o(M) from an orientation o*{M) of the normal bundle of M by 
the rule 

o(M) Ao*(M) -o(A). 
Note that o*(M) is defined canonically by the Hodge star operator: o*{M) = 
*o(M). 

A. 2. Induced orientation. If AI has boundary dM, we provide an induced ori- 
entation on dM from o(Af ) as follows: let n be an inward normal vector field on 
dM, then we define 

o{dM)^ = L{n^)o{M)^. 

In other words, if n* is the dual of with respect to the metric and if o{M)x = 
en* A tta; for Ux € 0[|^^(M) and e e {1, —1}, then o{dM)x = ea^- This change in- 
duces a change on normal orientation o*(Af) as follows: o*(M)x ^ (^1)'^ ^^o* (M)j;A 
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n*. So we have 

(A.l) o*{dM), = i-lf -^o*{M), A <. 

Example A.l. Suppose M = {{xi, . . . ,x^,0, . . . ,0) eR'^;xi>0} and N = 
M''. We assume that o(M)^ = dxi A • • • A dxi and o{R'^)x = dxi A • • • A dx^, 
then o{dM)x = i{-r^^o(M)x — dx2 A ••• A dxi. On the other hand, we have 
o*{M).,, = dxi+i A • • • A dxd and o*(9M)a; = (-l)*~^da;i A da;j+i A • • • A da;^ = 
{-l)'^^^dxi+i A • • • A A dxi. 

We equip each level surface i of a Morse function / : M — )■ K by the rule 

o{L)x = t(grad/)a;o(M)^. 

A. 3. Orientation of intersection. Suppose M and M' are two oriented subman- 
ifolds of N of dimension i and i' that intersect transversally. The transversality 
implies that at an intersection point x, the form o*{M)x A o*{M')x is a non-trivial 
(2d — i — i')-form. We define 

o*{M rih M% = o*{M)^ A o*{M%. 
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